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Abstract

Mover-design event studies are a leading approach to separating place effects from sorting.
The coefficient is often interpreted as the share of cross-sectional variation in location means due
to places. I show the coefficient depends on how movers connect locations: two economies can
be identical in place effects, sorting, and location means, yet deliver different mover coefficients.
Only under directional isotropy, a testable condition, does the coefficient permit a cross-sectional
reading: it averages the variance share of place effects and the share that equalizing them
removes. An illustration in Dutch employer–employee wage data rejects the condition.
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I Introduction

Outcomes differ greatly across firms, regions, hospitals, and schools, but separating genuine place
effects from sorting of people into places is difficult. The mover-design event study is a leading
approach to this problem (Finkelstein et al., 2016). By tracking individuals who change locations,
this design relates the change in a mover’s outcome to the difference in average outcomes between
their destination and origin. The resulting coefficient captures how much of the gap between
locations passes to the individual upon arrival. This estimate is often interpreted as the contribution
of place effects to the variation in mean outcomes across locations. The design is widely used in
health, public economics, political economy, and labor economics.1

This paper provides the first formal link between the mover-design coefficient and cross-sectional
variance components. I study the design in the standard Abowd–Kramarz–Margolis (AKM) setting
(Abowd et al., 1999)—outcomes are additively separable in individual and place effects—with large
locations and a stationary cross-section, as in most applications,2 while remaining agnostic about
the underlying sorting and mobility process. The main result is that the mover-design coefficient is
a transition-weighted projection: its moments are determined by where movers come from and
where they go, not by the cross-sectional distribution of places. Two economies can share the
same AKM decomposition—the same place-effect dispersion, individual-effect dispersion, sorting,
and location-mean dispersion—and still produce different mover coefficients. The cross-section
describes the map. The mover coefficient depends on the particular routes taken through it.

In a mover-design event study, the regressor is the change in location-level mean outcomes. A
location mean combines the place effect with composition: the average individual effect of the people
who sort into that location. Composition has two components. One is correlated with the place
effect, as when higher-paying firms employ better workers. The other, a residual, is orthogonal
to the place effect, as when two firms with the same pay premium hire different types of workers
because they differ in amenities, industry, hours, or career structure. How much a typical move
changes each part depends on who moves where, and need not mirror how the two parts vary
across locations. In employer–employee settings, a worker who climbs a job ladder and moves to a
higher-paying firm with similar amenities mainly moves along the place-effect dimension. A worker
who switches careers and moves to a similar-paying firm with very different coworkers mainly
moves along the residual-composition dimension. These moves contribute differently to the mover
coefficient, even if the cross-sectional distribution of firms is unchanged. In simulations, I construct

1Applications include studies of geographic variation in health care (Finkelstein et al., 2016; Godøy and Huitfeldt,
2020; Salm and Wübker, 2020; Zeltzer et al., 2021; Luan et al., 2025), physician and organizational behavior (Molitor, 2018;
Huang and Ullrich, 2024; Doyle and Staiger, 2025; Agha et al., 2023; Encinosa and Dor, 2025; Badinski et al., 2023), health
behaviors and outcomes (Hinnosaar and Liu, 2022; Hut, 2020; Finkelstein et al., 2025; Ding, 2026; Chyn and Shenhav,
2025), insurance and program choice (Cabral et al., 2025), employer and research institution effects (Ahammer et al., 2024;
Chandra and Xu, 2025), political behavior (Cantoni and Pons, 2022), and carbon emissions (Lyubich, 2025).

2Throughout, the cross-section is the location-level snapshot the researcher observes: each location’s place effect,
mean individual effect, and hence mean outcome. Stationarity requires location sizes, mover shares, and mean mover
composition to be stable across periods. Substantial individual churning is compatible with this condition when count
and average individual inflows and outflows balance.
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economies with identical place effects, sorting, location means, and pooled AKM decompositions,
and vary only the network of realized moves. The mover-design event study coefficient varies
substantially.

The mover-design coefficient recovers the cross-section only when mobility is directionally
isotropic: movers must traverse the place-effect dimension and the residual-composition dimension
with the same intensity as those dimensions vary in the cross-section—movers must sample the map
in the proportions the map varies. Under this condition, the coefficient equals the cross-sectional
regression of place effects on location means, and this object has a sharp interpretation. It is the
average of two shares of the cross-sectional variance of location means—the share attributable to
place effects, and the share that would disappear if place effects were equalized. Under isotropy, two
limiting configurations recover familiar readings. At one extreme, if composition is uncorrelated
with place effects, the coefficient is the variance share of place effects. This case corresponds to
sorting on factors unrelated to the outcome under study: in a setting like that of Finkelstein et al.
(2016), individuals who settled where they do for family, retirement, or housing—rather than for
health care—would generate composition orthogonal to the place effect. At the other extreme, if
composition is affine—linear and residual-free in the place effect—with a nonnegative slope, the
coefficient is the standard-deviation share. This case corresponds to matching on the outcome
dimension itself, as when workers value jobs only through pay and a location’s average worker type
rises linearly, with no residual component, in its premium. Under such affine sorting, a coefficient
of 0.20—often described as “places explain twenty percent of the variation”—corresponds to a
variance contribution of four percent.3 The affine reading is special in a second way: it is robust to
any mobility pattern.

Whether mobility satisfies isotropy is an empirical question. The condition restricts how
cross-sectional and mobility moments relate in the data. I provide a test for isotropy—a cross-fitted
diagnostic with an individual-level bootstrap—and illustrate it on the mobility of one-time movers
across large firms in Dutch matched employer–employee data. Sorting on the firm wage premium is
statistically undetectable in the cross-section and negative along moves; movers, however, traverse
the residual-composition dimension about sixty percent more intensively than its cross-sectional
dispersion implies, and isotropy is rejected. The mover-design coefficient therefore cannot be
mapped to a share of the variation of location means.4

The scaled mover event study originates with Bronnenberg et al. (2012), where the share
of the origin–destination gap that closes upon moving is a structural constant; the jump then
measures a cross-market share by construction, and the interpretive question is settled by the
model. Finkelstein et al. (2016) bring the design to the two-way fixed-effects setting, and it is
there that the cross-sectional reading becomes a focal point. They read the jump as a weighted

3E.g., “[l]ocation explains 37 percent of the cross-state variation in turnout” (Cantoni and Pons, 2022, abstract);
similarly, Molitor (2018) reads a mover coefficient of 0.6–0.8 as environment factors explaining “between 60–80 percent of
regional disparities” in physician behavior.

4Throughout, “cross-sectional” moments are weighted by mover incidence: the cross-section taken over the locations
movers actually visit. Section IV makes the weighting explicit.

3



average of pair-level place-effect shares and bridge to the cross-sectional variation share through
the observed linearity of movers’ outcome changes in the origin–destination gap. I show that this
bridge is not generic—it holds only under directional isotropy—and in its place I derive an exact
mapping from the coefficient to the cross-sectional variance components.5 Hull (2018) asks what
the mover regression recovers causally, showing it aggregates difference-in-differences comparisons
with convex weights under a parallel-trends assumption. Card et al. (2025) confront a similar
contamination as the one in this paper—a move across regions also changes the firm, so firm
sorting biases the regional (unscaled) movers design—which they resolve by estimating a model
with worker and firm effects and aggregating to the commuting-zone level.6 This paper instead
asks what the mover-design event study coefficient estimates, with no structure imposed, and the
characterization is complete under stationarity: the estimand depends only on the cross-sectional
sorting geometry and the undirected mobility graph, and every admissible combination of the two
is generated by some assignment process in the AKM class. Whether the cross-sectional reading is
valid is therefore a property of the reduced form alone—no assignment model is needed to test for
it.7

II Model and Setup

Consider a balanced panel of individuals 𝑖 = 1, . . . , 𝑁 observed in two periods, 𝑡 ∈ {1, 2}, each
residing in one of 𝐽 locations 𝑗 ∈ 𝒥 ; 𝑗(𝑖 , 𝑡) denotes 𝑖’s location at 𝑡. These are the paper’s structural
origin and destination periods.8 I study an asymptotic regime with fixed 𝐽 and large location sizes
𝑛 𝑗 → ∞—the benchmark regime for mover-design event studies—which separates the mobility
mechanisms studied here from limited-mobility bias; Supplemental Appendix S3 records what a
many-location extension would require.

Outcomes follow the standard AKM,

𝑌𝑖𝑡 = 𝛼𝑖 + 𝜓 𝑗(𝑖 ,𝑡) + 𝜀𝑖𝑡 , 𝑡 ∈ {1, 2}, (1)

with time-invariant individual effects 𝛼𝑖 , time-invariant location effects 𝜓 𝑗 , and idiosyncratic shocks
satisfying the exogenous-mobility restriction E[𝜀𝑖𝑡 | 𝑗(𝑖 , 𝑘) = 𝑗] = 0 for all (𝑘, 𝑡) and 𝑗. This rules out

5For example, if the place-effect and composition changes are jointly elliptically distributed across moves, the average
outcome change is exactly linear in the origin–destination gap whatever the sorting geometry: the geometry fixes the
slope of the mover plot. A straight plot is thus consistent with every geometry, and cannot on its own separate a valid
cross-sectional reading from an invalid one.

6In labor economics, mover designs often serve a different role. In their unscaled, co-worker-quartile form, they
assess exogenous mobility and additive separability (Card et al., 2013, 2016), while variance shares come from the AKM
decomposition (Abowd et al., 1999).

7The object of interest in this paper is also distinct from limited-mobility bias (Andrews et al., 2008; Kline et al., 2020;
Bonhomme et al., 2023)—noise in estimated place effects when movers are sparse—which vanishes in the large-location
regime of this paper.

8When the AKM specification includes time-varying controls, every object below is defined on the control-adjusted
outcome 𝑌𝑖𝑡 − 𝑋′

𝑖𝑡
𝛾, and all recovered shares are shares of control-adjusted variation; Supplemental Appendix S1 records

the corresponding event-study formulation.
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mobility driven by realized or anticipated idiosyncratic shocks but places no restriction on the joint
distribution of (𝛼𝑖 ,𝜓 𝑗(𝑖 ,𝑡)). Individuals may sort across locations without restriction. Error vectors
are independent across individuals with bounded second moments; within an individual, 𝜀𝑖1 and
𝜀𝑖2 may be arbitrarily correlated.

Write 𝑜(𝑖) := 𝑗(𝑖 , 1) and 𝑑(𝑖) := 𝑗(𝑖 , 2) for origin and destination, 𝑀 := {𝑖 : 𝑜(𝑖) ≠ 𝑑(𝑖)} for movers,
𝑆 for stayers, and Δ𝜓𝑖 := 𝜓𝑑(𝑖) − 𝜓𝑜(𝑖). Movers and stayers share the outcome process (1) but may
differ in their effect distributions and sorting.

Assumption 1 (Mean stationarity). Location sizes and mover shares are constant across periods,
𝑛 𝑗 ,1 = 𝑛 𝑗 ,2 ≡ 𝑛 𝑗 and 𝑤 𝑗 ,1 = 𝑤 𝑗 ,2 ≡ 𝑤 𝑗 , and, for each location 𝑗 with positive mover mass,

E[𝛼𝑖 | 𝑜(𝑖) = 𝑗 , 𝑖 ∈ 𝑀] = E[𝛼𝑖 | 𝑑(𝑖) = 𝑗 , 𝑖 ∈ 𝑀].

Assumption 1 says that locations are in a demographic steady state in means: each keeps its
size, its mover share, and its mean composition stable across periods—arriving and departing
movers have the same average individual effect. It places no restriction on higher moments of
mover types or on the object the design exploits, who moves where: origins and destinations may
pair arbitrarily, and movers with different 𝛼𝑖 may take different routes, provided each location’s
count and mean-composition margins balance. Supplemental Appendix S2 characterizes these
restrictions on mover flows.

Assumption 1 is maintained for the paper’s recovery and inference results and for their empirical
use. It makes the cross-sectional benchmark time-invariant and delivers the undirected-flow
reduction used by the theory. For the sampling results below, mean stationarity is imposed on
population moments; realized location–period counts and mover mean compositions may differ by
sampling noise. The final Supplemental Appendix S8 records, separately, the centered directed-flow
formulas for a common full-window benchmark when this assumption is relaxed.

Sorting and composition. I summarize sorting by projecting individual effects onto the location-
effect dimension. For each group 𝑔 ∈ {𝑀, 𝑆},

𝛼𝑖 = 𝑚𝑔

(
𝜓 𝑗(𝑖 ,𝑡)

)
+ 𝜈𝑗(𝑖 ,𝑡),𝑔 + 𝑒𝑖 ,𝑡 ,𝑔 , (2)

where 𝑚𝑔(𝜓) := E[𝛼𝑖 | 𝜓 𝑗(𝑖 ,𝑡) = 𝜓, 𝑖 ∈ 𝑔] captures sorting that is systematic in 𝜓 𝑗 , 𝜈𝑗 ,𝑔 (mean zero
given 𝜓 𝑗) captures persistent composition differences across locations with the same 𝜓 𝑗 , and 𝑒𝑖 ,𝑡 ,𝑔 is
the within-location individual residual. The function 𝑚𝑔 captures sorting on the location effect
itself and on attributes correlated with it—amenities, hours, job security, geography, career paths.
The residual 𝜈𝑗 ,𝑔 allows two locations with the same effect to attract different types of individuals.

Averaging (2) within location 𝑗 in the large-location regime gives the location’s composition,

𝛼̄ 𝑗 = 𝐻𝑗(𝜓 𝑗) + 𝜈𝑗 , 𝐻𝑗(𝜓 𝑗) := 𝑤 𝑗𝑚𝑀(𝜓 𝑗) + (1 − 𝑤 𝑗)𝑚𝑆(𝜓 𝑗), 𝜈𝑗 := 𝑤 𝑗𝜈𝑗 ,𝑀 + (1 − 𝑤 𝑗)𝜈𝑗 ,𝑆 , (3)
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time-invariant by Assumption 1. 𝐻𝑗(𝜓 𝑗) is the part of composition predictable from the location-
effect dimension; 𝜈𝑗 is the remaining residual composition, orthogonal to that dimension in the
cross-section.

III The Mover-Design Estimand

Among movers, the researcher regresses the individual outcome change on the leave-one-out
change in location mean outcomes:

Δ𝑌𝑖 = 𝜃 𝛿(−𝑖)
𝑖

+ 𝑢𝑖 , 𝑖 ∈ 𝑀, 𝛿(−𝑖)
𝑖

:= 𝑌
(−𝑖)
𝑑(𝑖),2 − 𝑌

(−𝑖)
𝑜(𝑖),1 , (4)

where 𝑌
(−𝑖)
𝑗 ,𝑡 is the leave-one-out mean outcome in cell (𝑗 , 𝑡). Under (1), Δ𝑌𝑖 = Δ𝜓𝑖 + Δ𝜀𝑖 , and

exogenous mobility makes Δ𝜀𝑖 orthogonal to the regressor. The regressor, however, is not the
change in location effects; in the large-location limit,

𝛿(−𝑖)
𝑖

= Δ𝜓𝑖 + Δ𝛼̄𝑖 , Δ𝛼̄𝑖 := 𝛼̄𝑑(𝑖) − 𝛼̄𝑜(𝑖).

The dependent variable changes only because the mover changes location effects; the regressor
changes because the mover changes both location effects and location composition. Write Δ𝑌̄𝑖 :=
Δ𝜓𝑖 + Δ𝛼̄𝑖 and assume Var𝑀(Δ𝑌̄𝑖) > 0. The large-location estimand is therefore

𝜃∞ =
Var𝑀(Δ𝜓𝑖) + Cov𝑀

(
Δ𝜓𝑖 ,Δ𝛼̄𝑖

)
Var𝑀

(
Δ𝜓𝑖 + Δ𝛼̄𝑖

) , (5)

a transition object: Var𝑀(Δ𝜓𝑖) depends on how far movers travel in the location-effect distribution,
and can be small even when location effects are highly dispersed in the cross-section, if movers
mostly move between similar locations; the covariance and the composition variance depend on
whether movements in location effects and in composition reinforce or offset each other along
realized routes.

Projecting the composition change on the location-effect change,

Δ𝛼̄𝑖 = 𝛽ΔΔ𝜓𝑖 + 𝑅𝑖 , 𝛽Δ :=
Cov𝑀(Δ𝛼̄𝑖 ,Δ𝜓𝑖)

Var𝑀(Δ𝜓𝑖)
, 𝜆Δ :=

Var𝑀(𝑅𝑖)
Var𝑀(Δ𝜓𝑖)

, (6)

and substituting into (5) gives

𝜃∞ = 𝑓 (𝛽Δ ,𝜆Δ), 𝑓 (𝛽,𝜆) :=
1 + 𝛽

(1 + 𝛽)2 + 𝜆
. (7)

The slope 𝛽Δ measures the component of composition change that moves with location-effect
changes; 𝜆Δ measures the composition change orthogonal to Δ𝜓𝑖 , relative to the dispersion of
location-effect changes. The pair (𝛽Δ ,𝜆Δ) is the realized mobility anatomy: pooled AKM variance
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components do not pin it down.

A transition-network representation. The transition moments have a compact representation on
the network of realized moves. Let 𝐹𝑗𝑘 be the share of movers moving from 𝑗 to 𝑘, with

∑
𝑗≠𝑘 𝐹𝑗𝑘 = 1,

and 𝐹̄𝑗𝑘 := 1
2 (𝐹𝑗𝑘 + 𝐹𝑘 𝑗) the symmetrized flow. For any location-level 𝑓 , 𝑔, the mass balance implied

by Assumption 1 gives E𝑀[Δ 𝑓𝑖] = 0, so

Cov𝑀(Δ 𝑓𝑖 ,Δ𝑔𝑖) =
∑
𝑗<𝑘

2𝐹̄𝑗𝑘 ( 𝑓𝑗 − 𝑓𝑘)(𝑔𝑗 − 𝑔𝑘) =: ℒ( 𝑓 , 𝑔), (8)

a weighted-graph Laplacian quadratic form whose edges are the moves movers make and whose
weights count how often they make them; 𝜃∞ is a ratio of such forms in (𝜓, 𝛼̄).

Proposition 1 (Undirected flow). 𝜃∞ depends on the mobility process only through the symmetrized flow
𝐹̄. Two processes with the same 𝐹̄ but different directed flows—hence different origin-dependent destination
rules and different history dependence—induce the identical estimand.

Proof. In (8) the summand is symmetric in (𝑗 , 𝑘), so only 𝐹̄ enters; the antisymmetric part of 𝐹
cancels. □

Remark 1 (The reduced form is without loss of generality). Proposition 1 reduces mobility to the
symmetrized flow 𝐹̄; the reduction is also exhaustive. Lemma S1 in Supplemental Appendix S4
shows that for every admissible cross-section (𝜓 𝑗 , 𝛼̄ 𝑗) and every symmetric flow consistent with
location sizes and mover shares, there is an assignment process in the AKM class that induces it
while satisfying exogenous mobility and Assumption 1. The pair (cross-section, undirected flow) is
therefore a complete and unrestricted description of the environments the theory covers.

IV When the Mover Design Recovers the Cross-Section

Cross-sectional moments are taken over the locations movers visit: weight each location 𝑗 by its
mover incidence 𝜇𝑗 , the share of mover endpoints located at 𝑗. This mover-incidence cross-section
is the one the design can speak to.9 For location-level 𝑓 , 𝑔, write Cov𝑀( 𝑓 , 𝑔) for the 𝜇-weighted
covariance, and define the cross-sectional projection of composition on the location effect,

𝛼̄ 𝑗 = 𝑎𝑀 + 𝛽𝑀 𝜓 𝑗 + 𝑞 𝑗 , 𝛽𝑀 =
Cov𝑀(𝛼̄ 𝑗 ,𝜓 𝑗)

Var𝑀(𝜓 𝑗)
, 𝜆𝑀 :=

Var𝑀(𝑞 𝑗)
Var𝑀(𝜓 𝑗)

, (9)

the cross-sectional analogue of the transition pair (6): 𝛽𝑀 is the sorting slope and 𝜆𝑀 is the
normalized dispersion of residual composition.10 With 𝑌̄𝑗 := 𝜓 𝑗 + 𝛼̄ 𝑗 and Var𝑀(𝑌̄𝑗) > 0, define three

9This does not need to coincide with the person- or match-weighted cross-section an applied economist might be
interested in. The wedge between 𝜇-weighted and individual-weighted benchmarks is separate from the isotropy
question studied here.

10𝑞 𝑗 is a linear-projection residual, not the residual from conditioning nonparametrically on 𝜓 𝑗 . It differs from 𝜈𝑗 of (3)
when mover shares 𝑤 𝑗 vary across locations; the two coincide when 𝑤 𝑗 is constant.
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cross-sectional benchmarks,

𝜃var :=
Var𝑀(𝜓 𝑗)
Var𝑀(𝑌̄𝑗)

, 𝜃sd :=
√
𝜃var , 𝜃iso :=

Cov𝑀(𝜓 𝑗 , 𝑌̄𝑗)
Var𝑀(𝑌̄𝑗)

= 𝑓 (𝛽𝑀 ,𝜆𝑀). (10)

The first two are the variance and standard-deviation shares the applied researcher has in mind;
𝜃iso is the coefficient from regressing the location effect on the location mean across locations.

Theorem 1 (Recovery of the cross-section). Maintain the AKM model, exogenous mobility, the large-
location limit, and Assumption 1, with Var𝑀(Δ𝜓𝑖) > 0, Var𝑀(𝜓 𝑗) > 0, Var𝑀(Δ𝑌̄𝑖) > 0, and Var𝑀(𝑌̄𝑗) > 0.
The following are equivalent.

(i) (Recovery.) The mover design reproduces the cross-sectional sorting projection: 𝛽Δ = 𝛽𝑀 and
𝜆Δ = 𝜆𝑀 .

(ii) (Directional isotropy.) There is a scalar 𝜅 > 0 with

Var𝑀(Δ𝜓𝑖) = 𝜅 Var𝑀(𝜓 𝑗), Cov𝑀(Δ𝜓𝑖 ,Δ𝛼̄𝑖) = 𝜅 Cov𝑀(𝜓 𝑗 , 𝛼̄ 𝑗), Var𝑀(Δ𝛼̄𝑖) = 𝜅 Var𝑀(𝛼̄ 𝑗).

Either condition implies
𝜃∞ = 𝜃iso = (1 + 𝛽𝑀)𝜃var. (11)

The proof (Appendix A) is ratio algebra. Isotropy says movers reproduce the cross-section’s
sorting geometry: they traverse the location-effect dimension at the same slope and cross the
orthogonal composition dimension at the same intensity as the cross-section—in the network form,
the Laplacian ℒ is proportional to the cross-sectional covariance operator on span{𝜓, 𝛼̄}. The link
is two-sided at the level of the pair (𝛽,𝜆) but cannot be two-sided at the level of the scalar: 𝑓 maps
two coordinates to one, so distinct mobility anatomies can deliver the same 𝜃∞, and scalar equality
𝜃∞ = 𝜃iso can hold accidentally without recovery.

IV.1 The Mover Coefficient as a Midpoint

Write𝑉𝜓 := Var𝑀(𝜓 𝑗),𝑉𝛼 := Var𝑀(𝛼̄ 𝑗), 𝐶 := Cov𝑀(𝜓 𝑗 , 𝛼̄ 𝑗),𝑉𝑌 := 𝑉𝜓 +2𝐶 +𝑉𝛼. Beyond the variance
share 𝜃var = 𝑉𝜓/𝑉𝑌 , a distinct object asks how much cross-sectional dispersion in location means
would disappear if location effects were equalized while composition were held fixed,

𝑆
eq
𝜓 :=

Var𝑀(𝑌̄𝑗) − Var𝑀(𝑌̄𝑗 − 𝜓 𝑗)
Var𝑀(𝑌̄𝑗)

=
𝑉𝜓 + 2𝐶
𝑉𝑌

. (12)

Corollary 1 (Midpoint interpretation and ordering). Under directional isotropy and 𝑉𝑌 > 0,

𝜃∞ = 𝜃iso = 1
2
(
𝜃var + 𝑆eq

𝜓

)
, 𝑆

eq
𝜓 − 𝜃∞ = 𝜃∞ − 𝜃var =

𝐶

𝑉𝑌
. (13)
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If 𝐶 ≥ 0 then 𝜃var ≤ 𝜃∞ ≤ 𝑆
eq
𝜓 , and if 𝐶 < 0 then 𝑆eq

𝜓 ≤ 𝜃∞ ≤ 𝜃var; in either case 𝑆eq
𝜓 ≤ 1. Moreover

𝜃∞ ≤ 𝜃sd for either sign of 𝐶, and if 𝐶 ≥ 0 then 𝜃2
∞ ≤ 𝜃var ≤ 𝜃∞.

The mover coefficient recovers neither the variance share of location effects nor the full accounting
effect of equalizing them; under isotropic mobility it lies exactly halfway between.

IV.2 Two Benchmark Readings

Corollary 2 (The two familiar readings). Maintain Var𝑀(𝜓 𝑗) > 0 and Var𝑀(𝑌̄𝑗) > 0.

(i) Orthogonal composition. Under directional isotropy, if 𝛽𝑀 = 0 then 𝜃∞ = 𝜃iso = 𝜃var = 𝑆
eq
𝜓 .

(ii) Affine composition. If 𝜆𝑀 = 0 and 𝛽𝑀 ≥ 0—so that 𝛼̄ 𝑗 = 𝑎𝑀 + 𝛽𝑀𝜓 𝑗 across the locations movers
visit—then every flow with Var𝑀(Δ𝜓𝑖) > 0 satisfies

𝜃∞ = 𝜃sd =
1

1 + 𝛽𝑀
, 𝜃var = 𝜃2

∞ , 𝑆
eq
𝜓 = 2𝜃∞ − 𝜃2

∞.

Each corner has a concrete economic case. Composition is orthogonal (𝛽𝑀 = 0) when individuals
choose locations for reasons unrelated to the outcome under study and an isotropic mover design
then recovers the variance share. The affine benchmark (𝜆𝑀 = 0, 𝛽𝑀 ≥ 0) arises when matching
runs on the outcome dimension itself and the coefficient is the SD share.

The two readings differ in their robustness. The orthogonal reading relies on isotropy. The
affine benchmark with 𝛽𝑀 ≥ 0 is mobility-robust: once composition is perfectly collinear with the
location effect there is no second dimension for mover routes to sample differently, so 𝜃∞ = 𝜃sd for
every flow with Var𝑀(Δ𝜓𝑖) > 0. This is a sufficient mobility-robust case. When 𝜆𝑀 > 0, mobility
geometry generally matters and the coefficient is the transition projection 𝑓 (𝛽Δ ,𝜆Δ).

IV.3 Anisotropic Mobility

Outside isotropy the coefficient remains a well-defined transition object but loses the cross-sectional
interpretation. Two examples illustrate the possibilities and organize the simulations.

Example 1 (Composition-preserving mobility). If movers cross the location-effect dimension
without crossing composition classes—a job ladder in which workers move to firms that hire
similar coworkers, or relocation within a fixed tier of neighborhoods—then Δ𝛼̄𝑖 ≈ 0 on every move,
𝛽Δ ,𝜆Δ → 0, and 𝜃∞ → 1 regardless of the cross-sectional slope 𝛽𝑀 > 0. A mover design can report
full passthrough even when composition is highly dispersed across locations.

Example 2 (Balanced mobility with anisotropic exposure). Consider four equally weighted locations
indexed by (𝑝, 𝑧) ∈ {−1, 1}2, with 𝜓𝑝,𝑧 = 𝑝 and 𝛼̄𝑝,𝑧 = 𝑐𝑧, 𝑐 > 0, so composition is orthogonal
to the location effect and 𝜃iso = 𝜃var = 1/(1 + 𝑐2). Let a balanced flow place probability 𝜌 on
moves that switch 𝑝 holding 𝑧 fixed, and 1 − 𝜌 on moves that switch 𝑧 holding 𝑝 fixed. Then

9



𝜃∞ = 𝜌/[𝜌+ 𝑐2(1−𝜌)]: at 𝜌 = 1
2 movers expose the two dimensions in the cross-sectional proportion

and 𝜃∞ = 𝜃var; for 𝜌 < 1
2 they over-sample residual composition and 𝜃∞ < 𝜃var; as 𝜌 → 1 they avoid

it and 𝜃∞ → 1. Balanced inflows and outflows alone do not deliver a cross-sectional reading; what
matters is the geometry of the realized routes.

V Testing the Cross-Sectional Interpretation

Theorem 1 turns the cross-sectional interpretation into two testable restrictions. With 𝑄𝑀 :=
Var𝑀(𝑞 𝑗), 𝑄Δ := Var𝑀(𝑅𝑖), 𝑉𝜓,𝑀 := Var𝑀(𝜓 𝑗), and 𝑉𝜓,Δ := Var𝑀(Δ𝜓𝑖), directional isotropy is
equivalent to

𝑔𝛽 := 𝛽Δ − 𝛽𝑀 = 0, 𝑔𝑄 := 𝑄Δ𝑉𝜓,𝑀 −𝑄𝑀𝑉𝜓,Δ = 0. (14)

The first asks whether movers traverse the cross-sectional sorting slope; the second whether they
cross the residual-composition dimension with the same normalized intensity. The null is that the
transition and cross-sectional projection pairs coincide.

Location effects and means are estimated with finite-cell noise, and squaring noisy estimates
inflates second moments—the same plug-in inflation that drives limited-mobility bias in sparse
networks (Andrews et al., 2008; Kline et al., 2020); in the dense regime here it is a finite-sample
nuisance, which cross-fitting removes to first order. I therefore assign complete worker pairs to
two data-independent halves and estimate the first stage separately within each half 𝑠 ∈ {1, 2}—𝜓𝑠

𝑗

from the half’s movers, and ̂̄𝑌𝑠𝑗 as the half’s equally weighted two-period location mean—and form
every quadratic moment as a symmetrized cross-split product, one factor from each half, so that
cross-split first-stage errors create no leading-order plug-in bias. Six such cross-fitted primitive
moments deliver 𝑔̂ = (𝑔̂𝛽 , 𝑔̂𝑄)′ through smooth maps. Because every first-stage estimator is linear in
outcomes, each worker’s influence on 𝑔̂—including the dependence among movers sharing origins
and destinations—is available in closed form, and a worker-level multiplier bootstrap requires no
re-estimation (Supplemental Appendix S3).

Write 𝜗 = (̂𝑎, 𝑏̂, 𝑐̂ , 𝑑̂, 𝑒̂ , 𝑓̂ )′ for the six primitive moments (defined in equation (S8) and 𝑔̂ = 𝑔(𝜗)
for the restriction map in equation (S9).) Here 𝒥 is the common diagnostic core; split 𝑠 may estimate
location effects on a connected universe 𝒥 𝐸

𝑠 ⊇ 𝒥 of size 𝐽𝑠 , with 𝑆𝑠 selecting its core coordinates.
Let 𝑅𝑖𝑠 indicate the worker-pair split, 𝑀𝑖 indicate a retained diagnostic mover, and 𝐿𝑠 denote the
split estimation-graph Laplacian on 𝒥 𝐸

𝑠 . The proposition uses the independent-coin sampling
frame; Remark S1 covers the exactly balanced partition used in the implementation.

Proposition 2 (Inference). Fix 𝒥 , 𝒥 𝐸
𝑠 , and 𝑆𝑠 , or suppose their data-selected versions equal these fixed

objects with probability approaching one, and let 𝑁 → ∞ with 𝐽 and 𝐽𝑠 fixed. Suppose the two-period worker
observations are independent and identically distributed across workers, the baseline split is an independent
Bernoulli(1/2) assignment independent of the worker data, and max𝑡∈{1,2} E|𝑌𝑖𝑡 |4+𝜂 < ∞ for some 𝜂 > 0.
Suppose 𝜋𝑀 := Pr(𝑀𝑖 = 1) > 0, 𝜋𝑠

𝑗𝑡
:= Pr{𝑅𝑖𝑠1{𝑗(𝑖 , 𝑡) = 𝑗} = 1} > 0 for every retained (𝑗 , 𝑡 , 𝑠) with

10



𝑡 ∈ {1, 2}, and

𝑁−1𝐿𝑠
𝑝
−→ 𝐿0

𝑠 , rank(𝐿0
𝑠 ) = 𝐽𝑠 − 1, 𝜆2(𝐿0

𝑠 ) > 0, 𝑠 ∈ {1, 2}.

Let 𝜗 = (𝑎, 𝑏, 𝑐, 𝑑, 𝑒 , 𝑓 )′ be the population primitive-moment vector, with 𝑎 = Var𝑀(𝜓 𝑗) > 0 and
𝑑 = Var𝑀(Δ𝜓𝑖) > 0. Let Σ𝜗 be the asymptotic covariance of

√
𝑁(𝜗 − 𝜗) characterized in Supplemental

Appendix S3, set 𝐺𝑔 := 𝜕𝑔(𝜗)/𝜕𝜗′, and suppose Ω := 𝐺𝑔Σ𝜗𝐺
′
𝑔 ≻ 0. Then

√
𝑁{𝑔̂ − 𝑔(𝜗)} 𝑑−→ 𝒩(0,Ω).

As 𝑁, 𝐵𝑣 → ∞, where 𝐵𝑣 counts the bootstrap draws 𝑔̂∗(𝑏) := 𝑔(𝜗∗(𝑏)) whose 𝑎- and 𝑑-coordinate analogues
are positive and whose restrictions are finite, the worker-level multiplier covariance satisfies 𝑁𝑉𝑔

𝑝
−→ Ω; under

𝐻0 : 𝑔(𝜗) = 0, 𝒲 := 𝑔̂′𝑉−1
𝑔 𝑔̂

𝑑−→ 𝜒2
2.

The proof is a standard fixed-𝐽 smooth-map argument: the graph and cell-mean estimators
are smooth functions of finitely many worker averages, so asymptotic linearity, the delta method,
and the conditional Gaussian multiplier central limit theorem deliver the result; Supplemental
Appendix S3 provides the influence functions and details. 𝑔̂𝛽 shows whether mover routes load on
a different sorting slope than the cross-section, 𝑔̂𝑄 whether they over- or under-sample residual
composition. Under the null, the midpoint reading (13) applies; under rejection, the coefficient
remains a valid transition estimand but cannot be mapped to a cross-sectional share, and (𝑔̂𝛽 , 𝑔̂𝑄)
reveal which failure drives the wedge.11

VI Simulations

I evaluate the theory on a simulated two-period AKM economy, 𝑌𝑖𝑡 = 𝛼𝑖 + 𝜓 𝑗(𝑖 ,𝑡) + 𝜀𝑖𝑡 . The
cross-section is fixed by design: 𝐽 = 256 locations with unit-variance place effects and composition
𝛼̄ 𝑗 = 𝛽𝑀𝜓 𝑗 + 𝑞 𝑗 , sorting slope 𝛽𝑀 = 0.6, residual intensity 𝜆𝑀 = 0.7; the orthogonal and affine
designs set 𝛽𝑀 = 0 and 𝜆𝑀 = 0, respectively. Each location has a stayer core and one-time movers
(≈ 332,000 workers, mover share 7.5 percent, within-location dispersion of 𝛼𝑖 equal to one, 𝜎𝜀 = 0.2).
Stayers carry 𝛼̄ 𝑗 ; mover types are centred on the symmetric edge potentials of the representation
lemma (Supplemental Appendix S4), so leavers, arrivers, and stayers at every location share the
same mean composition in both periods and Assumption 1 holds exactly under every flow. The
cross-section—and with it the pooled AKM decomposition—is thus a constant of the economy;
only the routes differ.

Mobility enters only through the symmetrized flow. Random reshuffling draws destinations
11The formal joint-inference result is interior and excludes exact affine composition, where 𝜆𝑀 = 𝜆Δ = 0 and the

first-order covariance of the residual restriction is singular. No boundary law is derived; the usual two-degree-of-freedom
Wald test under-rejects in the affine simulation designs. When 𝛽𝑀 ≥ 0 and Var𝑀 (Δ𝜓𝑖) > 0, however, exact affinity
makes the SD-share reading mobility-robust by Corollary 2(ii). Remark S3 gives deterministic near-affinity bounds and a
practical diagnostic sequence.
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independently of origins and reproduces the cross-sectional geometry exactly, 𝛽Δ = 𝛽𝑀 and
𝜆Δ = 𝜆𝑀 : directional isotropy. The anisotropic designs mix the two move types of Example 2—with
probability 𝜌 a job-ladder step, crossing the place-effect dimension at fixed coworker type; with
probability 1− 𝜌 a career switch, crossing coworker type at fixed place effect—which holds 𝛽Δ = 𝛽𝑀
and traces 𝜆Δ =

1−𝜌
𝜌 𝜆𝑀 : isotropic at 𝜌 = 1

2 , oversampling the residual dimension for 𝜌 < 1
2 ,

undersampling it for 𝜌 > 1
2 . Each of 500 replications draws the individual-level panel and runs

the Section V procedure end to end: split-sample AKM on the largest connected set of each half,
cross-fitted moments, the leave-one-out mover regression, and the worker-level bootstrap test.

Table 1 reports three findings. First, under isotropic mobility the mover coefficient equals
the cross-sectional midpoint of Corollary 1 (0.49), distinct from both the variance share (0.31)
and the SD share (0.55); the orthogonal and affine rows reproduce the two corner readings of
Corollary 2. Second—the headline—the four Panel B economies share an identical cross-section and
an essentially identical pooled AKM decomposition, so an AKM variance study would call them
one economy; yet the mover coefficient ranges from 0.25 to 0.61 purely because movers traverse the
same map differently. As the flow tilts from career switches (𝜌 = 0.15, 𝜆̂Δ ≈ 4) toward near-pure
job-ladder steps (𝜌 = 0.92, 𝜆̂Δ → 0), 𝜃 sweeps from far below 𝜃iso to well above it, while every
cross-sectional benchmark—𝜃iso, 𝜃var, 𝜆𝑀—stays put. Third, the isotropy test holds nominal size in
the interior isotropic economies, under-rejects at the affine boundary, where the SD-share reading
is mobility-robust in any case, and rejects every anisotropic flow with probability one; Panel C
confirms the robustness—an affine cross-section under a residual-heavy flow still delivers 𝜃 = 𝜃sd

and no rejection.

VII Empirical Illustration: Dutch Administrative Data

I use the Statistics Netherlands (CBS) linked employer–employee panel covering 2009–2016. The
outcome is the log gross hourly wage12 of full-time male workers, residualized on age and calendar-
year indicators in a preliminary step; the Supplemental Appendix repeats the analysis on the
unadjusted wage with the same conclusions. Following the two-period convention of Section II, I
retain stayers and one-time movers, and I keep firms above the 50th percentile of total worker-period
observations; Supplemental Appendix S7 reports a denser large-firm sensitivity. Moves are inferred
from the firm identifier: a one-time mover changes employer exactly once, the move year being the
first year observed at the destination.

For the empirical illustration, the outcome change is spell-based: Δ𝑌𝑖 is the worker’s average
outcome over destination-spell years minus the average over origin-spell years. All firm attributes
use the common 2009–2016 window. Eligible workers are first averaged within firm–year, and the
eight resulting firm–year means are then averaged equally. Following the aggregation convention
of Finkelstein et al. (2016), movers’ transition-year observations are excluded when constructing

12The hourly wage is annual gross contract earnings divided by contracted annual hours, computed as the job’s
full-time factor (FTE) times a 52-week, 40-hour full-time year; the sample is restricted to FTE ≥ 0.9.
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firm means, while stayers remain; the transition-year outcome itself remains in the event study. The
canonical mover regression and event study use the pooled full-sample leave-one-out destination–
origin difference in these full-window means. The six diagnostic moments use the corresponding
split-specific common non-leave-one-out means. Hence movers with the same endpoints face the
same firm comparison even when their move dates differ. Using the same fixed window for both
geometries is essential: otherwise differences in the timing of firm attributes could masquerade
as mobility anisotropy. The empirical exercise asks whether the transition and cross-sectional
geometries formed from those common attributes coincide. The estimation sample comprises
112,889 one-time movers and 697,802 stayers at 1,598 firms, with a mean firm-year size of 443
workers; full counts are in the notes to Table 2.

Workers are split into two random halves; within each, AKM recovers𝜓𝑠
𝑗
on the largest connected

component of mover transitions, and firm-year means use all eligible workers in the half. Diagnostics
are evaluated on the diagnostic core—firms inside both split connected components with nonempty
cells in every window year in both halves—which retains 1,205 of 1,598 firms and 31,453 of 112,889
movers (27.9 percent). The split connected components retain all but one mover, so essentially all
of the reduction comes from the complete-window endpoint requirement; every retained mover
also has a complete canonical leave-one-out gap. The resulting target is movers between stable,
continuously observed large firms, not all Dutch movers. Inference uses the worker-level multiplier
bootstrap of Supplemental Appendix S3 with 1,000 draws.

Table 2 reports the results. The mover-design coefficient is 𝜃 = 0.150, and the transition
projection reproduces it:

𝑓 (𝛽̂Δ , 𝜆̂Δ) = 0.155.

13 The 𝜇-weighted benchmarks are tightly estimated: 𝜃var = 0.256, 𝜃sd = 0.506, 𝑆eq
𝜓 = 0.253, and

𝜃iso = 0.254—the midpoint of Corollary 1 exactly. With the cross-sectional sorting slope essentially
zero, 𝜃var, 𝜃iso, and 𝑆

eq
𝜓 nearly coincide near 0.25; the mover coefficient is roughly forty percent

below these benchmarks and roughly seventy percent below 𝜃sd.
Panel B reports the sorting geometry, which fails isotropy on both coordinates. The cross-

sectional sorting slope is statistically indistinguishable from zero (𝛽̂𝑀 = −0.006), whereas the
transition slope is negative (𝛽̂Δ = −0.165). Within the estimated AKM representation, movers who
gain firm premium therefore move toward firms with lower-composition coworkers. Residual
composition is substantial in the cross-section (𝜆̂𝑀 = 2.92), ruling out the affine benchmark of
Corollary 2(ii) and hence the mobility-robust SD-share reading. Transition routes load on the
residual-composition dimension about sixty percent more heavily than the cross-section does
(𝜆̂Δ = 4.68). Both restrictions reject individually, and the joint Wald statistic is 156.8 (bootstrap
𝑝 < 0.001).

The common 2009–2016 window is a fixed measurement scheme for the paper’s two-period

13Finite-cell noise in the leave-one-out regressor attenuates 𝜃, so under the static model the mover regression tends to
lie slightly below the cross-fitted projection—as it does here.
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origin–destination target: under the maintained AKM and exogenous-mobility assumptions,
mean-stationarity Assumption 1, the eligible-window bridge (S2), and Var𝑀(Δ𝑌̄𝑖) > 0, the spell-
average outcome contrast used here targets 𝜃∞ (Supplemental Appendix S1). The diagnostic
𝑝-values are model-based under maintained mean stationarity and the fixed-𝐽, asymptotically
stable-core, independent-worker framework of Supplemental Appendix S3; inference conditions on
the preliminary age- and calendar-year residualization coefficients, and the joint Wald test is an
interior result. Thus the reported comparison concerns the transition and cross-sectional projection
pairs within the maintained static representation; Supplemental Appendix S8 records a separate
deviation and is not used to justify the Dutch inference.

The interpretive consequences are those of Section IV. With isotropy rejected, 𝜃 remains a
transition projection but inherits no cross-sectional share interpretation. The estimated geometry
resembles the residual-heavy, career-switching anatomy of Example 2 and the corresponding row
of Table 1: relative to the cross-section, transition routes load more heavily on residual composition,
pushing the mover coefficient below each of the cross-sectional benchmarks. Supplemental
Appendix S7 repeats the analysis on the denser universe of firms above the 75th percentile of
worker-period observations: the full universe contains 220 firms with a mean firm-year size of
roughly 1,604, of which 176 enter the diagnostic core. The sorting geometry there differs—the
cross-sectional slope turns positive and significant—yet the residual restriction still rejects isotropy
decisively; the mover coefficient lies below 𝜃iso, 𝑆eq

𝜓 , and 𝜃sd, while slightly exceeding 𝜃var.
Figure 1 reports the multi-period FGW scaled event study. Its regressor uses the Finkelstein et al.

(2016) window-average convention with this paper’s leave-one-out refinement: eligible workers are
averaged within firm–year, those firm–year means are averaged equally over the fixed window, and
the origin mean is subtracted from the destination mean. Pre-event coefficients from 𝑟 = −6 onward
are economically negligible—at most 0.017 in absolute value—although some are statistically
distinguishable from zero at this sample size; the outermost coefficient (0.064 at 𝑟 = −7) rests on
the thin balanced cell at the window edge. Post-event coefficients jump to 0.122 in the move year,
mechanically attenuated because that year straddles the origin and destination firms, and rise
gradually to about 0.18 by 𝑟 = 3, flattening thereafter; the implied multi-period scaled coefficient is
0.155, in line with the two-period 𝜃. This post-move drift is a departure from the static benchmark
and is consistent with gradual wage adjustment, including the accumulation of returns at the
destination.

The drift enters the mover coefficient directly because the post-move outcome averages incorpo-
rate these later gains. It does not enter the isotropy diagnostic through movers’ wage changes; the
diagnostic is constructed from the estimated firm effects. Dynamic wage adjustment can therefore
affect the test only insofar as it is absorbed into those estimates, particularly in ways that vary
systematically across types of moves. The empirical rejection should accordingly be interpreted as
evidence against isotropy within the static AKM representation. The illustration demonstrates the
diagnostic and its empirical relevance; it is not intended to provide a complete decomposition of
dynamic wage mobility.
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Table 2: Mover-Design Diagnostics, Dutch Administrative Data 2009–2016

Estimate SE 95% CI

Panel A. Mover-design coefficient and cross-sectional benchmarks
Mover regression 𝜃 0.150 0.005 [0.139, 0.160]
Transition projection 𝑓 (𝛽̂Δ , 𝜆̂Δ) 0.155 0.006 [0.144, 0.167]
𝜃iso (midpoint) 0.254 0.009 [0.236, 0.272]
𝜃var 0.256 0.020 [0.218, 0.296]
𝜃sd 0.506 0.020 [0.467, 0.544]
𝑆

eq
𝜓 0.253 0.016 [0.220, 0.282]

Panel B. Sorting geometry: cross-section versus transitions
Cross-sectional slope 𝛽̂𝑀 −0.006 0.060 [−0.110, 0.122]
Transition slope 𝛽̂Δ −0.165 0.061 [−0.266, −0.039]
Cross-sectional residual intensity 𝜆̂𝑀 2.922 0.205 [2.562, 3.356]
Transition residual intensity 𝜆̂Δ 4.683 0.363 [4.077, 5.491]
Panel C. Isotropy test
Slope restriction 𝑔̂𝛽 −0.160 0.038 [−0.232, −0.086]
Residual restriction 𝑔̂𝑄 (×104) 3.648 0.432 [2.809, 4.521]
Joint Wald 𝒲 (𝜒2

2 𝑝 = 8.9 × 10−35) 156.800 — —
Notes. CBS linked employer–employee data, 2009–2016, full-time male workers; outcome is log gross hourly

wage residualized on age and calendar-year indicators. Stayers and one-time movers; firms at or below the
50th percentile of worker-period observations dropped. 𝑁 = 5,309,689 worker-years, 810,691 workers, 697,802
stayers and 112,889 one-time movers (a worker-level mover share of 13.9 percent), 1,598 firms; diagnostics on
the core of firms inside both split connected components with nonempty cells in every window year in both
halves, which retains 1,205 firms (75.4 percent) and 31,453 movers, all with complete canonical leave-one-out
gaps. The normalized split spectral gaps 𝜆2(𝑁−1𝐿𝑠 ) are 4.0 × 10−7 and 3.9 × 10−7. SEs and percentile CIs
from the worker-level multiplier bootstrap of Supplemental Appendix S3 with 1,000 draws; the SE for 𝜃 is the
conventional regression SE, and its CI the corresponding analytic normal interval. 𝜃iso equals 1

2 (𝜃var + 𝑆eq
𝜓 )

exactly, and the two formulas for the transition projection agree by construction; both identities hold in the
estimates as reported. The reported 𝜒2

2 and bootstrap joint-test 𝑝-values are interior results; the bootstrap
value is below 0.001.
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Figure 1: Event Study of Outcomes around the Mover Transition
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Notes. Coefficients 𝜃𝑟 from the multi-period FGW event-study regression of Supplemental Appendix S1, with base
period 𝑟 = −1 normalized to zero. The regressor is the pooled full-sample leave-one-out destination–origin difference in
the common 2009–2016 firm means, held fixed across horizons; the transition-year outcome remains in the event-study
panel. Estimates use the mover sample (241,098 mover-year observations; sample as in Table 2). The shaded band is the
pointwise 95 percent analytical confidence interval.

VIII Conclusion

Mover-design event study coefficients identify a transition-weighted projection on changes in
location means, not a generic share of the cross-sectional variance of location means due to places.
Under stationarity, the projection depends on mobility only through the undirected flow between
locations, and it admits a cross-sectional interpretation exactly when mobility reproduces the
cross-section’s sorting geometry—a testable condition. When the condition holds, the recovered
object is the midpoint between the variance share of place effects and the equalization share;
positively affine sorting is a sufficient case in which the standard-deviation-share reading is robust
to arbitrary mobility. When the condition fails—as it does in the Dutch wage-data illustration, where
movers traverse far more residual composition than the cross-section contains—the coefficient
cannot be mapped to a cross-sectional share, and pooled AKM moments cannot detect the failure.
The practical prescription is to assess affinity first. If the qualified near-affine bound of Remark S3
is small, report the SD-share benchmark with that bound; if residual intensity is separated from
zero and the interior covariance check passes, report the transition pair (𝛽̂Δ , 𝜆̂Δ) and test isotropy;
otherwise report that the data do not distinguish the two regimes.
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A Proofs

Proof of Theorem 1. (ii)⇒(i): dividing the three displayed equalities gives

𝛽Δ =
Cov𝑀(Δ𝜓𝑖 ,Δ𝛼̄𝑖)

Var𝑀(Δ𝜓𝑖)

=
Cov𝑀(𝜓 𝑗 , 𝛼̄ 𝑗)

Var𝑀(𝜓 𝑗)
= 𝛽𝑀 ,

𝜆Δ =
Var𝑀(Δ𝛼̄𝑖)
Var𝑀(Δ𝜓𝑖)

− 𝛽2
Δ

=
Var𝑀(𝛼̄ 𝑗)
Var𝑀(𝜓 𝑗)

− 𝛽2
𝑀 = 𝜆𝑀 .

(i)⇒(ii): set 𝜅 := Var𝑀(Δ𝜓𝑖)/Var𝑀(𝜓 𝑗) > 0; then 𝛽Δ = 𝛽𝑀 delivers the cross-covariance equality
and 𝜆Δ = 𝜆𝑀 the 𝛼̄ equality. For (11), divide the numerator and denominator of (5) by Var𝑀(Δ𝜓𝑖)
to obtain 𝜃∞ = 𝑓 (𝛽Δ ,𝜆Δ); under (i) this is 𝑓 (𝛽𝑀 ,𝜆𝑀) = 𝜃iso = (1 + 𝛽𝑀)𝜃var, using

Cov𝑀(𝜓 𝑗 , 𝑌̄𝑗) = Var𝑀(𝜓 𝑗)(1 + 𝛽𝑀),
Var𝑀(𝑌̄𝑗) = Var𝑀(𝜓 𝑗)[(1 + 𝛽𝑀)2 + 𝜆𝑀].

□

Proof of Corollary 1. Under isotropy, Theorem 1 gives𝜃∞ = 𝜃iso = (𝑉𝜓+𝐶)/𝑉𝑌 . With𝜃var = 𝑉𝜓/𝑉𝑌
and 𝑆eq

𝜓 = (𝑉𝜓 + 2𝐶)/𝑉𝑌 , the average of the two is (𝑉𝜓 + 𝐶)/𝑉𝑌 = 𝜃∞; subtracting gives the distance
identity. If 𝐶 ≥ 0 the ordering follows from 1 − 𝑆eq

𝜓 = 𝑉𝛼/𝑉𝑌 ≥ 0; the case 𝐶 < 0 is analogous. For
the secondary bounds: when 1 + 𝛽𝑀 > 0, 𝜃∞/𝜃sd = (1 + 𝛽𝑀)

√
𝜃var ≤ 1 is equivalent to 𝜆𝑀 ≥ 0, and

the bound is immediate when 1 + 𝛽𝑀 ≤ 0; and if 𝐶 ≥ 0, 𝜃2
∞ ≤ 𝜃var ≤ 𝜃∞ follows from the midpoint

identity by substitution. □

Proof of Corollary 2. (i) 𝛽𝑀 = 0 gives 𝐶 = 0; isotropy then yields 𝜃∞ = 𝜃iso = 𝑉𝜓/𝑉𝑌 = 𝜃var = 𝑆
eq
𝜓 .

(ii) 𝜆𝑀 = 0 forces Var𝑀(𝑞 𝑗) = 0, so 𝛼̄ 𝑗 = 𝑎𝑀 + 𝛽𝑀𝜓 𝑗 at every location movers visit and every move
obeys Δ𝛼̄𝑖 = 𝛽𝑀Δ𝜓𝑖 , Δ𝑌̄𝑖 = (1+ 𝛽𝑀)Δ𝜓𝑖 ; hence for any flow with Var𝑀(Δ𝜓𝑖) > 0, 𝜃∞ = 1/(1+ 𝛽𝑀) =
𝜃sd, and the remaining identities follow by substitution. □
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Supplemental Appendix
When Is the Mover-Design Event Study Coefficient a Place-Effect Share?

Vahid Moghani

This Supplemental Appendix relates the multi-period Finkelstein et al. (2016) event study to the
two-period first difference used in the paper (Section S1), characterizes the flow restrictions implied
by mean stationarity (Section S2), develops the asymptotic theory and multiplier bootstrap behind
the isotropy test (Section S3), proves a representation lemma showing that the paper’s reduced-form
objects exhaust the AKM class (Section S4), and reports descriptive statistics for the estimation
sample (Section S5), the robustness of the empirical results to the unadjusted log hourly wage
(Section S6), and a denser large-firm sensitivity (Section S7). The paper applies its recovery and
inference results under mean stationarity. The final section records, as a separate deviation, recovery
against a common full-window cross-section when mean stationarity is dropped (Section S8). The
supplement is referenced from, but—except for the inference theory of Section S3—not required for,
the results in the paper.

S1 The FGW Event Study and the Two-Period Target

The applied mover-design event study is the multi-period Finkelstein et al. (2016) (FGW) specification
with base period 𝑘 = −1. This section makes its relation to the paper’s two-period objects precise in
two steps. First, on a balanced event-time window the FGW coefficients coincide, by projection
algebra alone, with a sequence of per-event-time long-difference regressions (Proposition S1).
Second, under the AKM outcome model with residual exogeneity, those per-horizon coefficients
converge—pre-event to zero and post-event to a common first-difference limit (Theorem S1). Under
mean stationarity for the compressed origin–destination endpoints and the eligible-window bridge
below, that limit equals the paper’s two-period estimand.

Consider movers 𝑖 ∈ 𝑀 observed in periods 𝑡 ∈ {1, . . . , 𝑇}, 𝑇 ≥ 4, each changing location exactly
once at 𝑡∗

𝑖
, with event time 𝜏𝑖𝑡 := 𝑡 − 𝑡∗

𝑖
and 𝑜(𝑖) := 𝑗(𝑖 , 𝑡∗

𝑖
− 1), 𝑑(𝑖) := 𝑗(𝑖 , 𝑡∗

𝑖
).

Assumption S1 (AKM residual exogeneity). 𝑌𝑖𝑡 = 𝛼𝑖 + 𝜓 𝑗(𝑖 ,𝑡) + 𝜀𝑖𝑡 with 𝜓 𝑗(𝑖 ,𝑡) = 𝜓𝑜(𝑖) for 𝑡 < 𝑡∗
𝑖

and
𝜓𝑑(𝑖) thereafter. Let ℱ 𝑇 be the sigma-field generated by all workers’ individual effects and realized
location paths and by the location effects. Then E[𝜀𝑖𝑡 | ℱ 𝑇] = 0; the residual vectors (𝜀𝑖1 , . . . , 𝜀𝑖𝑇)′
are conditionally uncorrelated across workers, with unrestricted dependence across 𝑡 within a
worker (Card et al., 2013, 2018).

Assumption S2 (Balanced event-time window). Fix 𝒦 := {−𝐾− , . . . ,−2} ∪ {0, . . . , 𝐾+} and restrict
move dates to 𝐾− + 1 ≤ 𝑡∗

𝑖
≤ 𝑇 − 𝐾+, so that every mover’s event window 𝒦 ∪ {−1} lies inside the

calendar panel. Estimation uses only the event-window observations, 𝜏𝑖𝑡 ∈ 𝒦 ∪ {−1}.

Let 𝒯 := {1, . . . , 𝑇} denote the fixed calendar window and let 𝐴ℓ 𝑡 indicate that worker ℓ ’s
observation is eligible for the location mean at 𝑡. In particular, 𝐴ℓ 𝑡 = 0 for a mover’s transition-year
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observation, while stayers remain eligible. Define

𝑌
(−𝑖)
𝑗 := 1

|𝒯 |
∑
𝑡∈𝒯

∑
ℓ≠𝑖 𝐴ℓ 𝑡1{𝑗(ℓ , 𝑡) = 𝑗}𝑌ℓ 𝑡∑
ℓ≠𝑖 𝐴ℓ 𝑡1{𝑗(ℓ , 𝑡) = 𝑗} , 𝛿(−𝑖)

𝑖
:= 𝑌

(−𝑖)
𝑑(𝑖) − 𝑌

(−𝑖)
𝑜(𝑖) . (S1)

Thus workers are averaged within location–year first and the resulting location–year means are
then averaged equally over the fixed years, as in Finkelstein et al. (2016). The superscript (−𝑖) is the
leave-one-out refinement used here; FGW use the same aggregation order without leave-one-out. If
any required post-LOO endpoint-year denominator is zero, the complete gap is left undefined rather
than averaging a shorter window. Write 𝑌̄𝑗 for the large-cell probability limit of this full-window
location attribute and Δ𝑌̄𝑖 := 𝑌̄𝑑(𝑖) − 𝑌̄𝑜(𝑖).

The common-window construction is a measurement convention within the maintained struc-
tural regime. Maintain the eligible-window condition

𝑌̄𝑗 := 1
𝑇

∑
𝑡∈𝒯

E[𝑌𝑖𝑡 | 𝐴𝑖𝑡 = 1, 𝑗(𝑖 , 𝑡) = 𝑗] = 𝜓 𝑗 + 𝛼̄ 𝑗 , 𝑗 ∈ 𝒥 . (S2)

Although the FGW event study itself requires a longer panel, the aggregation formula specializes
to the paper’s two-period location mean when 𝑇 = 2 and 𝐴𝑖𝑡 ≡ 1, the eligibility convention for its
structural origin and destination periods. For 𝑇 > 2, the empirical eligibility convention targets
the same location object under (S2). Equality in every eligible location–year is sufficient but not
required, and 𝑇 remains fixed as 𝑁 → ∞.

Following equation (6) of Finkelstein et al. (2016)14, the event-study specification is

𝑌𝑖𝑡 = 𝑎̃𝑖 + 𝜃𝜏𝑖𝑡 𝛿
(−𝑖)
𝑖

+ 𝜌𝜏𝑖𝑡 + 𝑒𝑖𝑡 , (S3)

estimated by OLS on the mover sample over the window of Assumption S2: individual effects 𝑎̃𝑖 ,
event-time main effects 𝜌𝑘 , and the common full-window leave-one-out destination–origin gap 𝛿(−𝑖)

𝑖

interacted with event time, normalized at the base period (𝜃−1 = 𝜌−1 = 0).15 The coefficients of
interest are the 𝜃𝑘 .

The reference point is the per-𝑘 long difference: for 𝑘 ∈ 𝒦 define 𝑌∗
𝑖𝑘

:= 𝑌𝑖 ,𝑡∗
𝑖
+𝑘 − 𝑌𝑖 ,𝑡∗

𝑖
−1 and

estimate 𝑌∗
𝑖𝑘

= 𝑐𝑘 + 𝜃𝑘 𝛿
(−𝑖)
𝑖

+ 𝑒𝑖𝑘 by OLS. The intercept is retained, so 𝜃𝑘 is the centered sample
slope Ĉov𝑀(𝛿(−𝑖)

𝑖
, 𝑌∗

𝑖𝑘
)/V̂ar𝑀(𝛿(−𝑖)

𝑖
). The equivalence below does not require the mean gap to vanish.

14FGW’s specification additionally includes calendar-time effects and age controls; both are covered by the time-varying-
controls remark below. Estimating calendar effects jointly within equation (S3) requires cohort exchangeability—that
the joint distribution of (Δ𝜓𝑖 , 𝛿(−𝑖)𝑖

) not vary with the move date 𝑡∗
𝑖
: after partialling the individual effects, calendar

dummies are functions of (𝑘, 𝑡∗
𝑖
), so without exchangeability they load on cohort-varying moments of (Δ𝜓𝑖 , 𝛿(−𝑖)𝑖

) and
the 𝜃𝑘 mix cohorts in the manner of the staggered-adoption critiques (Sun and Abraham, 2021; De Chaisemartin and
d’Haultfoeuille, 2020; Borusyak et al., 2024). The per-𝑘 population projections remain defined cohort by cohort either
way, and Theorem S1 applies within each cohort under its conditions.

15Following FGW, a mover’s transition-year observation is excluded when constructing the location–year means
because it may combine exposure to the origin and destination. This exclusion concerns only the construction of location
means: the transition-year outcome remains in the event-study regression, so the coefficient at 𝑘 = 0 is reported.
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These per-𝑘 long differences are the algebraic reference for the event-study coefficients; the next
result shows the FGW coefficients coincide with them.

Proposition S1 (The FGW coefficients are per-𝑘 long differences). If V̂ar𝑀(𝛿(−𝑖)
𝑖

) > 0, then the sample
OLS coefficients in equation (S3) on the balanced window of Assumption S2 satisfy 𝜃𝑘 = 𝜃𝑘 and 𝜌𝑘 = 𝑐𝑘

exactly for every 𝑘 ∈ 𝒦 .

Proof. Partial out the individual effects. On the balanced window, within-mover demeaning
acts identically across movers, and the specification is saturated in event time—main effects and
interactions at every 𝑘—so the projection separates into the per-𝑘 contrasts of event time 𝑘 against the
base period. Each contrast is the regression of 𝑌∗

𝑖𝑘
on (1, 𝛿(−𝑖)

𝑖
), delivering 𝜌𝑘 = 𝑐𝑘 and 𝜃𝑘 = 𝜃𝑘 . □

Theorem S1. Under Assumptions S1 and S2, suppose the 𝑇-period worker panels are independently and
identically sampled across workers, |𝑀|/𝑁

𝑝
−→ 𝜋𝑀 > 0, sup𝑡 E[𝑌2

𝑖𝑡
] < ∞, every eligible location–year cell

used in (S1) has a positive limiting share, and Var𝑀(Δ𝑌̄𝑖) > 0, in the fixed-𝐽, large-location regime of the
paper, as 𝑁 → ∞: (i) for every 𝑘 ∈ 𝒦 with 𝑘 ≤ −2, 𝜃𝑘

𝑝
−→ 0; and (ii) for every 𝑘 ∈ 𝒦 with 𝑘 ≥ 0,

𝜃𝑘
𝑝
−→ 𝜃FD :=

Cov𝑀(Δ𝜓𝑖 ,Δ𝑌̄𝑖)
Var𝑀(Δ𝑌̄𝑖)

,

independently of 𝑘. If Assumption 1, applied to the compressed origin–destination endpoints, and the
fixed-window bridge (S2) are also maintained, then 𝑌̄𝑗 = 𝜓 𝑗 + 𝛼̄ 𝑗 and 𝜃FD = 𝜃∞ in equation (5).

Proof. Under Assumption S1, 𝑌𝑖𝑡 = 𝑎𝑖 + Δ𝜓𝑖1{𝜏𝑖𝑡 ≥ 0} + 𝜀𝑖𝑡 , with 𝑎𝑖 := 𝛼𝑖 + 𝜓𝑜(𝑖), so 𝑌∗
𝑖𝑘
= Δ𝜓𝑖1{𝑘 ≥

0} + Δ𝜀𝑖𝑘 . Because 𝐽 and 𝑇 are fixed and every eligible location–year cell used in (S1) grows
proportionally with 𝑁 , the cell-mean law of large numbers and the exact leave-one-out identity give

1
|𝑀|

∑
𝑖∈𝑀

(
𝛿(−𝑖)
𝑖

− Δ𝑌̄𝑖
)2 𝑝

−→ 0.

Conditional mean zero and cross-worker residual orthogonality in Assumption S1, together with
the omission of the focal worker from every cell mean, make the sample covariance between Δ𝜀𝑖𝑘
and 𝛿(−𝑖)

𝑖
𝑜𝑝(1). Substitution in the centered OLS slope yields zero before the move and 𝜃FD after it.

The fixed-window bridge gives 𝑌̄𝑗 = 𝜓 𝑗 + 𝛼̄ 𝑗 ; together with Assumption 1, this yields 𝜃FD = 𝜃∞. □

Time-varying controls. Applied AKM specifications include time-varying controls, 𝑌𝑖𝑡 = 𝛼𝑖 +
𝜓 𝑗(𝑖 ,𝑡) + 𝑋′

𝑖𝑡
𝛾 + 𝜀𝑖𝑡 , with calendar-time effects the leading case. Every object in the paper is then

defined on the control-adjusted outcome 𝑌𝑖𝑡 := 𝑌𝑖𝑡 − 𝑋′
𝑖𝑡
𝛾: location means, the mover regression,

the transition and cross-sectional moments, and the benchmark shares. The interpretation adjusts
accordingly—the recovered shares are shares of the variance of control-adjusted location means (age-
and year-adjusted wages in the application of Section VII of the paper)—and Theorem S1 holds
unchanged with 𝑌 in place of 𝑌.
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Unbalanced event windows. Assumption S2 delivers the exact finite-sample projection identity
above. In a conventional unbalanced event window, equation (S3) instead forms cohort–horizon-
weighted projections. If the cohort-exchangeability condition stated above holds and, conditional on
move cohort, availability at each horizon is mean-independent of (Δ𝜓𝑖 ,Δ𝑌̄𝑖) and the corresponding
outcome innovation, those weights do not change the limits in Theorem S1: pre-move coefficients
converge to zero and post-move coefficients to the common 𝜃FD. Without these conditions, the
coefficients remain well-defined weighted projections, but the balanced-window equivalence is not
asserted.

S2 Stationarity and Restrictions on Mover Flows

Assumption 1 of the paper requires the average mover composition at each location to be the same
whether viewed as an origin or a destination. Let 𝑓𝑗𝑘 be the mover flow from 𝑗 to 𝑘, 𝜇𝑗𝑘 the average
individual effect along that flow, and Φ𝑗𝑘 := 𝑓𝑗𝑘𝜇𝑗𝑘 the effect-weighted flow. Constant location sizes
and mover shares give mass balance

∑
𝑘 𝑓𝑗𝑘 =

∑
𝑙 𝑓𝑙 𝑗 at every 𝑗; combining with the composition

condition yields ∑
𝑘

Φ𝑗𝑘 =

∑
𝑙

Φ𝑙 𝑗 , ∀𝑗 : (S4)

the total individual effect flowing out of a location must equal the total flowing in. Conversely,
conditional on mass balance, (S4) is exactly equality of mean mover composition between departures
and arrivals. It imposes at most 𝐽 − 1 independent linear restrictions on the effect-weighted
flows, leaving origin–destination pairings, within-pair sorting, and all higher moments otherwise
unrestricted. In the special case where destination assignment is independent of 𝛼𝑖 conditional
on origin, (S4) forces the average mover type to be constant within each connected component
of the mover network; with dependence between mobility and 𝛼𝑖 , a large class of mobility
patterns satisfies mean stationarity while generating very different mover-design estimands. Flows
satisfying mass balance and (S4) are the circulations: the mobility that leaves location sizes and
mean composition unchanged. A general flow splits into such a circulation and a residual that
carries mean-composition drift; Assumption 1 keeps the circulation, and the final Supplemental
Appendix S8 records separately how the residual changes the centered covariance algebra.

S3 Inference for the Isotropy Diagnostic

This section states first-order inference for a fixed calendar window 𝒯 . The main paper’s two-period
estimator is the case 𝑇 = 2; for 𝑇 > 2, the result is its fixed-window implementation extension
under (S2), not a different structural or time-series asymptotic regime. The length 𝑇 is fixed as
𝑁 → ∞, the static AKM relation (1) is understood period by period over the window, and the
fixed-window residual-exogeneity condition of Assumption S1 is maintained. A one-time mover
enters the first stage through Δ𝑌𝑖 = Δ𝜓𝑖 + 𝜀̄𝑖 ,𝑑 − 𝜀̄𝑖 ,𝑜 : the structural signal is the paper’s two-period
contrast, while its residual is averaged over the two spells. Exogenous mobility and Assumption 1
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are maintained throughout. The sampling unit is the worker: worker histories are independent and
identically distributed draws from a common population—location effects are fixed parameters, and
a draw comprises the worker’s type, assignment path, eligibility indicators, and outcomes—and
observations may be arbitrarily dependent within a worker. The split is data-independent: the
analysis takes it to be an independent fair coin per worker, and Remark S1 covers the exactly balanced
partition used in the implementation as well as user-supplied fixed splits. Inference conditions
on the coefficients used in any preliminary outcome residualization. All transition moments are
centered over retained movers, matching the intercept convention of the mover regression.

Split estimation graphs and diagnostic core. Let 𝑅𝑖𝑠 indicate that the complete history of worker
𝑖 is assigned to split 𝑠 ∈ {1, 2}; the split is assigned independently of the worker data. The retained
diagnostic core is 𝒥 = {1, . . . , 𝐽}. Let 𝑀𝑖 indicate a retained diagnostic mover, write 𝑜(𝑖) and 𝑑(𝑖)
for its core endpoints, and define

𝐷𝑖 := e𝑑(𝑖) − e𝑜(𝑖) , 𝜄𝑖 := 1
2{e𝑜(𝑖) + e𝑑(𝑖)}, 𝑚 :=

𝑁∑
𝑖=1

𝑀𝑖 .

The estimated mover-incidence weights are

𝜇̂ := 1
𝑚

𝑁∑
𝑖=1

𝑀𝑖 𝜄𝑖 , 1′𝜇̂ = 1. (S5)

The split-𝑠 location-effect regression may use a larger connected estimation universe 𝒥 𝐸
𝑠 ⊇ 𝒥 ,

of size 𝐽𝑠 . Let 𝐷𝐸
𝑖𝑠

∈ R𝐽𝑠 be mover 𝑖’s incidence vector there, write 𝑜𝐸𝑠 (𝑖), 𝑑𝐸𝑠 (𝑖) for its endpoint
coordinates, let 𝐸𝑖𝑠 indicate inclusion in that split regression, and let 𝑆𝑠 ∈ {0, 1}𝐽×𝐽𝑠 select the
diagnostic-core coordinates. With Δ𝑌𝑖 equal to the destination-spell outcome average minus the
origin-spell average, set

𝐿𝑠 :=
𝑁∑
𝑖=1

𝐸𝑖𝑠𝐷
𝐸
𝑖𝑠𝐷

𝐸′
𝑖𝑠 , 𝑏𝑠 :=

𝑁∑
𝑖=1

𝐸𝑖𝑠𝐷
𝐸
𝑖𝑠Δ𝑌𝑖 , 𝜓 𝑠

𝐸 := 𝐿+𝑠 𝑏𝑠 , 𝜓 𝑠 := 𝑆𝑠𝜓 𝑠
𝐸 . (S6)

The Moore–Penrose normalization is used for notation only; every reported object is invariant to an
additive constant in 𝜓 𝑠

𝐸
.

Common full-window means and the canonical leave-one-out gap. Fix a calendar window 𝒯
with 𝑇 := |𝒯 | fixed (an eight-period window in the implementation). Let 𝐴𝑖𝑡 indicate eligibility
of observation (𝑖 , 𝑡) for a location mean. In the paper’s two-period benchmark, 𝐴𝑖𝑡 ≡ 1: its two
observations are the structural origin and destination periods. In the multi-period implementation,
the convention excludes a mover’s transition-period observation from the location means while
stayers are always retained, independently of whether that observation appears in the event-study
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outcome sample. For each core location, period, and split, define

𝑛𝑠𝑗𝑡 :=
∑
𝑖

𝑅𝑖𝑠𝐴𝑖𝑡1{𝑗(𝑖 , 𝑡) = 𝑗}, 𝑌
𝑠

𝑗𝑡 :=
∑
𝑖 𝑅𝑖𝑠𝐴𝑖𝑡1{𝑗(𝑖 , 𝑡) = 𝑗}𝑌𝑖𝑡

𝑛𝑠
𝑗𝑡

,

and the equally weighted window average

𝑧̂ 𝑠𝑗 := 1
𝑇

∑
𝑡∈𝒯

𝑌
𝑠

𝑗𝑡 , ̂̄𝛼 𝑠

𝑗 := 𝑧̂ 𝑠𝑗 − 𝜓 𝑠
𝑗 . (S7)

By equation (S2), the population counterpart of 𝑧̂ 𝑠
𝑗

is the same 𝑌̄𝑗 = 𝜓 𝑗 + 𝛼̄ 𝑗 used by the two-period
target. The order of aggregation follows Finkelstein et al. (2016): individuals are averaged within
location-period first, and the periods are then averaged with equal weights. A location is retained
in the core only if 𝑛𝑠

𝑗𝑡
> 0 for every 𝑡 ∈ 𝒯 and both splits; otherwise the location and its incident

diagnostic movers are removed. The window is never shortened or renormalized. All six diagnostic
moments therefore use common, non-leave-one-out, split-specific full-window means.

Only the canonical mover regression and the event study use leave-one-out. With pooled
full-sample counts

𝑛 𝑗𝑡 :=
∑
ℓ

𝐴ℓ 𝑡1{𝑗(ℓ , 𝑡) = 𝑗}, 𝛿𝑖 𝑗𝑡 := 𝐴𝑖𝑡1{𝑗(𝑖 , 𝑡) = 𝑗},

define
𝑌 𝑗𝑡 ,−𝑖 :=

∑
ℓ 𝐴ℓ 𝑡1{𝑗(ℓ , 𝑡) = 𝑗}𝑌ℓ 𝑡 − 𝛿𝑖 𝑗𝑡𝑌𝑖𝑡

𝑛 𝑗𝑡 − 𝛿𝑖 𝑗𝑡
, 𝑧̂ 𝑗 ,−𝑖 := 1

𝑇

∑
𝑡∈𝒯

𝑌 𝑗𝑡 ,−𝑖 ,

and 𝛿̂(−𝑖)
𝑖

:= 𝑧̂𝑑(𝑖),−𝑖 − 𝑧̂𝑜(𝑖),−𝑖 . If any of the 2𝑇 endpoint-period denominators is nonpositive, the
entire canonical gap is missing; no averaging over the remaining periods is performed. Writing 𝑌 𝑗𝑡
for the pooled mean,

𝑌 𝑗𝑡 ,−𝑖 − 𝑌 𝑗𝑡 =
𝛿𝑖 𝑗𝑡(𝑌 𝑗𝑡 − 𝑌𝑖𝑡)
𝑛 𝑗𝑡 − 𝛿𝑖 𝑗𝑡

.

Let 𝑛min := min𝑗∈𝒥 ,𝑡∈𝒯 𝑛 𝑗𝑡 . Under a uniform 4+𝜂 moment bound, max𝑖 ,𝑡 |𝑌𝑖𝑡−𝑌 𝑗(𝑖 ,𝑡),𝑡 | = 𝑂𝑝(𝑁1/(4+𝜂)),
so 𝑛min/𝑁1/2+1/(4+𝜂) → ∞ suffices for the leave-one-out perturbation to be 𝑜𝑝(𝑁−1/2) uniformly in 𝑖.
Under the fixed-𝐽 conditions of Proposition S2, retained cell counts grow proportionally with 𝑁 , so
this requirement holds automatically.

Six cross-fitted moments. Let

𝑃𝜇 := 𝐼 − 1𝜇̂′ , 𝑝𝑠 := 𝑃𝜇𝜓 𝑠 , 𝑟𝑠 := 𝑃𝜇̂̄𝛼 𝑠
.

For retained mover 𝑖, define
𝑥𝑖𝑠 := 𝐷′

𝑖𝜓
𝑠 , 𝑣𝑖𝑠 := 𝐷′

𝑖
̂̄𝛼 𝑠
,
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and let 𝑥𝑐
𝑖𝑠

and 𝑣𝑐
𝑖𝑠

denote centering over the 𝑚 retained movers. The primitive estimators are

𝑎̂ :=
∑
𝑗

𝜇̂𝑗𝑝1𝑗𝑝2𝑗 , 𝑏̂ := 1
2

∑
𝑗

𝜇̂𝑗(𝑝1𝑗𝑟2𝑗 + 𝑝2𝑗𝑟1𝑗),

𝑐̂ :=
∑
𝑗

𝜇̂𝑗𝑟1𝑗𝑟2𝑗 , 𝑑̂ := 1
𝑚

∑
𝑖

𝑀𝑖𝑥
𝑐
𝑖1𝑥

𝑐
𝑖2 ,

𝑒̂ := 1
2𝑚

∑
𝑖

𝑀𝑖(𝑥𝑐𝑖1𝑣𝑐𝑖2 + 𝑥𝑐𝑖2𝑣𝑐𝑖1), 𝑓̂ := 1
𝑚

∑
𝑖

𝑀𝑖𝑣
𝑐
𝑖1𝑣

𝑐
𝑖2. (S8)

Every quadratic moment multiplies one split-1 estimate by one split-2 estimate, so first-stage
estimation errors, independent across splits, contribute no leading-order plug-in bias; the two-way
split is the 𝑀 = 2 case of the branch construction in Kline (2025). Write 𝜗 = (̂𝑎, 𝑏̂, 𝑐̂ , 𝑑̂, 𝑒̂ , 𝑓̂ )′. For
𝑎 > 0 and 𝑑 > 0, let

𝑄𝑀 := 𝑐 − 𝑏2

𝑎
, 𝑄Δ := 𝑓 − 𝑒2

𝑑
,

and define

𝑔(𝜗) :=

(
𝑔𝛽

𝑔𝑄

)
=

(
𝑒/𝑑 − 𝑏/𝑎

( 𝑓 − 𝑒2/𝑑)𝑎 − (𝑐 − 𝑏2/𝑎)𝑑

)
. (S9)

Direct contribution and gradients. For a retained mover, set

ℎ𝑖 :=

©­­­­­­­­­­­«

1
2
∑
ℓ∈{𝑜(𝑖),𝑑(𝑖)} 𝑝1ℓ 𝑝2ℓ

1
4
∑
ℓ∈{𝑜(𝑖),𝑑(𝑖)}(𝑝1ℓ 𝑟2ℓ + 𝑝2ℓ 𝑟1ℓ )

1
2
∑
ℓ∈{𝑜(𝑖),𝑑(𝑖)} 𝑟1ℓ 𝑟2ℓ

𝑥𝑐
𝑖1𝑥

𝑐
𝑖2

1
2 (𝑥𝑐𝑖1𝑣𝑐𝑖2 + 𝑥𝑐𝑖2𝑣𝑐𝑖1)

𝑣𝑐
𝑖1𝑣

𝑐
𝑖2

ª®®®®®®®®®®®¬
. (S10)

Then
𝜗 =

1
𝑚

∑
𝑖

𝑀𝑖ℎ𝑖 , 𝜙
edge
𝑖

:= 𝑀𝑖

𝑚
(ℎ𝑖 − 𝜗). (S11)

This contribution includes estimation of 𝜇̂ and the mover centering: derivatives of the weighted
centers vanish because the opposite split’s centered vector has weighted mean zero.

Suppress hats temporarily, let 𝐷𝜇 := diag(𝜇), and for a mover-centered scalar 𝑢𝑖 define

𝜏(𝑢) := 1
𝑚

∑
𝑖

𝑀𝑖𝐷𝑖𝑢𝑖 .
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The gradients with respect to the core vectors (𝜓1 , 𝑧1) are

𝐺1
𝜓 =

©­­­­­­­­­«

(𝐷𝜇𝑝2)′
1
2{𝐷𝜇(𝑟2 − 𝑝2)}′

−(𝐷𝜇𝑟2)′
𝜏(𝑥𝑐2)′

1
2{𝜏(𝑣𝑐2) − 𝜏(𝑥𝑐2)}′

−𝜏(𝑣𝑐2)′

ª®®®®®®®®®¬
, 𝐺1

𝑧 =

©­­­­­­­­­«

0′
1
2 (𝐷𝜇𝑝2)′
(𝐷𝜇𝑟2)′

0′
1
2𝜏(𝑥𝑐2)′
𝜏(𝑣𝑐2)′

ª®®®®®®®®®¬
. (S12)

The matrices 𝐺2
𝜓 , 𝐺

2
𝑧 interchange subscripts 1 and 2. Their rows sum to zero, which is the

normalization invariance. Rows five and six of 𝐺𝑠𝑧 are the transition response to the same common
full-window mean used in the cross-sectional moments. A hat on any gradient below means
evaluation at the corresponding estimates.

The restriction Jacobian is

𝐺𝑔(𝜗) = ©­«
𝑏/𝑎2 −1/𝑎 0 −𝑒/𝑑2 1/𝑑 0

𝑓 − 𝑒2/𝑑 − 𝑏2𝑑/𝑎2 2𝑏𝑑/𝑎 −𝑑 𝑎𝑒2/𝑑2 − 𝑐 + 𝑏2/𝑎 −2𝑎𝑒/𝑑 𝑎

ª®¬ , 𝐺𝑔 := 𝐺𝑔(𝜗).

(S13)
For reported shares, write 𝑉𝑀 := 𝑎 + 2𝑏 + 𝑐 and 𝑉Δ := 𝑑 + 2𝑒 + 𝑓 . On 𝑉𝑀 , 𝑉Δ > 0, define

𝜃var := 𝑎/𝑉𝑀 , 𝜃iso := (𝑎 + 𝑏)/𝑉𝑀 , 𝑆
eq
𝜓 := (𝑎 + 2𝑏)/𝑉𝑀 , 𝜃Δ := (𝑑 + 𝑒)/𝑉Δ ,

with Jacobian, in this order,

𝐺𝜃(𝜗) =
©­­­­«
(2𝑏 + 𝑐)/𝑉2

𝑀
−2𝑎/𝑉2

𝑀
−𝑎/𝑉2

𝑀
0 0 0

(𝑏 + 𝑐)/𝑉2
𝑀

(𝑐 − 𝑎)/𝑉2
𝑀

−(𝑎 + 𝑏)/𝑉2
𝑀

0 0 0
𝑐/𝑉2

𝑀
2𝑐/𝑉2

𝑀
−(𝑎 + 2𝑏)/𝑉2

𝑀
0 0 0

0 0 0 (𝑒 + 𝑓 )/𝑉2
Δ

( 𝑓 − 𝑑)/𝑉2
Δ

−(𝑑 + 𝑒)/𝑉2
Δ

ª®®®®¬
.

(S14)
When 𝜃var > 0, the derivative of 𝜃sd =

√
𝜃var is the first row of (S14) divided by 2

√
𝜃var.

Worker influence. For a split-𝑠 estimation mover, define

𝑢̂ 𝑠𝑖 := Δ𝑌𝑖 − 𝐷𝐸′
𝑖𝑠 𝜓

𝑠
𝐸 ,

¤𝜓 𝑠
𝐸,𝑖 := 𝐸𝑖𝑠𝐿+𝑠 𝐷𝐸

𝑖𝑠 𝑢̂
𝑠
𝑖 .

The full-window cell-mean contribution on the core is

¤𝑧 𝑠𝑖 := 𝑅𝑖𝑠

∑
𝑡∈𝒯

1
𝑇
𝐴𝑖𝑡1{𝑗(𝑖 , 𝑡) ∈ 𝒥 }e𝑗(𝑖 ,𝑡)

𝑌𝑖𝑡 − 𝑌
𝑠

𝑗(𝑖 ,𝑡),𝑡
𝑛𝑠
𝑗(𝑖 ,𝑡),𝑡

.
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The estimated first-order contribution of worker 𝑖 is

𝜙𝑖 = 𝜙
edge
𝑖

+
2∑
𝑠=1

(
𝐺𝑠𝜓𝑆𝑠

¤𝜓 𝑠
𝐸,𝑖 + 𝐺𝑠𝑧 ¤𝑧 𝑠𝑖

)
. (S15)

Equivalently, with
𝑊𝑠 := 𝐿+𝑠 𝑆

′
𝑠𝐺

𝑠′
𝜓 ,

the location-effect term is

𝐺𝑠𝜓𝑆𝑠
¤𝜓 𝑠
𝐸,𝑖 = 𝐸𝑖𝑠{𝑊𝑠[𝑑𝐸𝑠 (𝑖), ·] −𝑊𝑠[𝑜𝐸𝑠 (𝑖), ·]}′𝑢̂ 𝑠𝑖 ,

so one six-right-hand-side Laplacian solve is required per split. The normal equations, the within-
cell residual identities, and (S11) imply

∑
𝑖 𝜙𝑖 = 0. The finite-sample covariance estimate and its

root-𝑁 scaling are
V̂ar(𝜗) :=

∑
𝑖

𝜙𝑖𝜙
′
𝑖 , Σ̂𝜗 := 𝑁

∑
𝑖

𝜙𝑖𝜙
′
𝑖 . (S16)

Finite-dimensional reduction. The proposition below exploits that, with 𝐽, 𝐽𝑠 , and 𝑇 fixed, the
entire construction is one smooth map of a fixed-dimensional vector of sample means. Collect for
each worker the graph block, the cell block, and the endpoint block,

𝑊
g
𝑖

:=
{
𝐸𝑖𝑠1{𝑜𝐸𝑠 (𝑖) = 𝑗 , 𝑑𝐸𝑠 (𝑖) = 𝑘} (1, Δ𝑌𝑖)

}
𝑗≠𝑘, 𝑠

,

𝑊c
𝑖 :=

{
𝑅𝑖𝑠𝐴𝑖𝑡1{𝑗(𝑖 , 𝑡) = 𝑗} (1, 𝑌𝑖𝑡)

}
𝑗∈𝒥 , 𝑡∈𝒯 , 𝑠 , 𝑊e

𝑖 :=
{
𝑀𝑖1{𝑜(𝑖) = 𝑗 , 𝑑(𝑖) = 𝑘}

}
𝑗≠𝑘
, (S17)

and set 𝑊𝑖 := (𝑊g
𝑖
,𝑊c

𝑖
,𝑊e

𝑖
), 𝑊 := 𝑁−1 ∑

𝑖𝑊𝑖 , and 𝜛 := E[𝑊𝑖], common to all workers under the
sampling frame below. Then 𝜗 = Φ(𝑊), where Φ is infinitely differentiable on the open set 𝒪 on
which all retained cell counts are positive, the diagnostic mover mass is positive, and both split
estimation graphs are connected: on 𝒪 the split Laplacian has constant rank 𝐽𝑠 − 1, so 𝐿+𝑠 is a smooth
function of the edge shares, and every remaining operation is a ratio, product, or centering. Define
the population target and influence

𝜗 := Φ(𝜛), 𝜙𝑖 := 1
𝑁

∇Φ(𝜛) (𝑊𝑖 − 𝜛), (S18)

so that
∑
𝑖 𝜙𝑖 = ∇Φ(𝜛)(𝑊 − 𝜛) and E𝜙𝑖 = 0. Evaluating the three blocks of ∇Φ—the endpoint

shares, the split first stages, and the cell sums and counts—yields exactly the three terms of (S15)
with population values in place of estimates: the endpoint block gives the edge kernel, the chain
rule through 𝜓 𝑠

𝐸
= 𝐿+𝑠 𝑏𝑠 gives the 𝐸𝑖𝑠𝐿+𝑠 𝐷𝐸

𝑖𝑠
𝑢 𝑠
𝑖

term, and the ratio expansion of each cell mean gives
¤𝑧 𝑠
𝑖
, with the gradient matrices (S12).

Proposition S2 (Fixed-𝐽 asymptotic linearity). Fix 𝒥 , 𝒥 𝐸
𝑠 , 𝑆𝑠 , and 𝒯 ; if any of these is selected from the

data, it equals the fixed object with probability approaching one. Suppose:
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(i) worker histories—including the split indicator, drawn as an independent Bernoulli(1
2 ) assignment

per worker, independently of the remaining worker data—are independent and identically distributed
across workers, with sup𝑡 E|𝑌𝑖𝑡 |4+𝜂 < ∞ for some 𝜂 > 0;

(ii) the diagnostic mover mass and every retained cell mass are positive: 𝜋𝑀 := Pr(𝑀𝑖 = 1) > 0 and
𝜋𝑠
𝑗𝑡

:= Pr
(
𝑅𝑖𝑠𝐴𝑖𝑡1{𝑗(𝑖 , 𝑡) = 𝑗} = 1

)
> 0;

(iii) 𝐿0
𝑠 := E

[
𝐸𝑖𝑠𝐷

𝐸
𝑖𝑠
𝐷𝐸′
𝑖𝑠

]
is the Laplacian of a connected graph on 𝒥 𝐸

𝑠 : rank 𝐿0
𝑠 = 𝐽𝑠 − 1 and 𝜆2(𝐿0

𝑠 ) > 0.

Set 𝜗 := Φ(𝜛) and Σ𝜗 := Var{∇Φ(𝜛)𝑊𝑖} = E[(𝑁𝜙𝑖)(𝑁𝜙𝑖)′], which is finite under (i). Then

𝜗 − 𝜗 =

𝑁∑
𝑖=1

𝜙𝑖 + 𝑂𝑝(𝑁−1),
√
𝑁(𝜗 − 𝜗) 𝑑−→ 𝒩(0,Σ𝜗), (S19)

and moreover
𝑁 max

𝑖
∥𝜙𝑖 − 𝜙𝑖∥

𝑝
−→ 0, 𝑁

∑
𝑖

𝜙𝑖𝜙
′
𝑖

𝑝
−→ Σ𝜗 .

Proof. By the law of large numbers, 𝑊
𝑝
−→ 𝜛 and 𝑁−1𝐿𝑠

𝑝
−→ 𝐿0

𝑠 ; by (ii)–(iii), 𝜛 ∈ 𝒪. Fix compacts
𝐾 ⊂ 𝐾′ ⊂ 𝒪 with 𝜛 interior to 𝐾, so that Pr{𝑊 ∈ 𝐾′} → 1 and ∇Φ is bounded and Lipschitz
with a bounded Hessian on 𝐾′. The entries of𝑊𝑖 are indicators or indicators times 𝑌𝑖𝑡 or Δ𝑌𝑖 , so
they inherit finite 4 + 𝜂 moments from (i), and ∥𝑊 − 𝜛∥ = 𝑂𝑝(𝑁−1/2). On the event {𝑊 ∈ 𝐾′}, a
second-order Taylor expansion gives

Φ(𝑊) −Φ(𝜛) = ∇Φ(𝜛)(𝑊 − 𝜛) + 𝑂𝑝

(
∥𝑊 − 𝜛∥2) = ∑

𝑖

𝜙𝑖 + 𝑂𝑝(𝑁−1),

which is the linear representation; the identification of ∇Φ(𝜛)(𝑊𝑖 − 𝜛)/𝑁 with the population
counterpart of (S15) is the block computation described above. The scaled scores 𝑁𝜙𝑖 are
independent and identically distributed, mean zero, with finite variance, so the classical central
limit theorem gives the normal limit, the 𝑂𝑝(𝑁−1) remainder being 𝑜𝑝(𝑁−1/2).

For the influence accuracy, write 𝜙𝑖 = 𝑁−1∇Φ(𝑊)(𝑊𝑖 −𝑊), which is the estimated-gradient,
estimated-centering version of 𝜙𝑖 and coincides term by term with (S15). Under the sampling frame
(i) there is no centering wedge—E𝑊𝑖 = 𝜛 for every worker—so

𝑁(𝜙𝑖 − 𝜙𝑖) = {∇Φ(𝑊) − ∇Φ(𝜛)}(𝑊𝑖 −𝑊) + ∇Φ(𝜛)(𝜛 −𝑊).

The gradient difference is 𝑂𝑝(𝑁−1/2) by the Lipschitz property, while max𝑖 ∥𝑊𝑖∥ = 𝑂𝑝(𝑁1/(4+𝜂))
under the moment bound, so𝑁 max𝑖 ∥𝜙𝑖−𝜙𝑖∥ = 𝑂𝑝(𝑁1/(4+𝜂)−1/2)+𝑂𝑝(𝑁−1/2) = 𝑜𝑝(1). Consequently
𝑁

∑
𝑖 ∥𝜙𝑖 − 𝜙𝑖∥2 ≤

(
𝑁 max𝑖 ∥𝜙𝑖 − 𝜙𝑖∥

)2 →𝑝 0, and by Cauchy–Schwarz it suffices that 𝑁
∑
𝑖 𝜙𝑖𝜙

′
𝑖
=

𝑁−1 ∑
𝑖(𝑁𝜙𝑖)(𝑁𝜙𝑖)′ →𝑝 Σ𝜗, which is the law of large numbers for independent and identically

distributed matrices with a finite mean. □
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Two consequences are worth recording. First, no remainder condition is assumed anywhere:
at fixed dimension the 𝑂𝑝(𝑁−1) remainder is delivered by Taylor’s theorem, and the cross-split
structure is needed only for the centering of the quadratic moments, not for their rates. Second,
the leave-one-out refinement of the canonical regressor is covered by the earlier bound, since (ii)
implies 𝑛min ≍ 𝑁 .

Remark S1 (Balanced and conditioned splits). The implementation assigns an exactly balanced split
without replacement, and a user-supplied split is fixed rather than random. Neither departure
alters the influence representation, for a structural reason: Φ is degree-zero homogeneous in each
split block of𝑊 separately—𝜓 𝑠

𝐸
= 𝐿+𝑠 𝑏𝑠 is invariant to a common scaling of the split-𝑠 edge counts

and sums, the cell means are within-split ratios, and the endpoint block enters only through
𝑚-normalized shares—so by Euler’s identity ∇Φ(𝜛) annihilates the mean direction of each block.
The difference between an exactly balanced partition and independent fair coins, and likewise the
between-stratum mean wedge that arises when conditioning on the realized balanced partition, lie
exactly along those block-mean directions and are therefore removed by the gradient: the influence
functions, the asymptotic covariance, and the bootstrap are unchanged. The same holds for any
fixed partition whose stratum shares converge to one half. For general fixed shares the argument
applies verbatim with the block masses of 𝜛 set to those shares: the target Φ(𝜛) is unchanged by
block homogeneity, while Σ𝜗 then reflects the split proportions.

Interior test and Gaussian multiplier bootstrap. The restriction test requires the population
moments to satisfy 𝑎, 𝑑 > 0; inference for the reported share ratios additionally requires 𝑉𝑀 and 𝑉Δ

to be bounded away from zero along the asymptotic sequence. Define

Ω := 𝐺𝑔(𝜗)Σ𝜗 𝐺𝑔(𝜗)′ ,

and assume Ω ≻ 0 for the joint test. Draw independent 𝜉(𝑏)
𝑖

∼ 𝒩(0, 1) and form

𝜗∗(𝑏) := 𝜗 +
∑
𝑖

𝜉(𝑏)
𝑖
𝜙𝑖 , 𝑔̂∗(𝑏) := 𝑔(𝜗∗(𝑏)). (S20)

Conditional on the data, the primitive perturbation is Gaussian with covariance
∑
𝑖 𝜙𝑖𝜙

′
𝑖
; the

implementation draws this six-dimensional Gaussian directly, which is distributionally identical to
using Gaussian worker multipliers.

Let ℬ𝑣 index draws for which the positive 𝑎, 𝑑 checks pass and 𝑔̂∗(𝑏) is finite, let 𝐵𝑣 := |ℬ𝑣 |, and
let 𝑔∗ be their mean. If 𝐵𝑣 < 3, the joint test is reported missing; otherwise define

𝑉𝑔 := 1
𝐵𝑣 − 1

∑
𝑏∈ℬ𝑣

(𝑔̂∗(𝑏) − 𝑔
∗)(𝑔̂∗(𝑏) − 𝑔

∗)′ ,
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so that, as 𝐵𝑣 → ∞, 𝑉𝑔 = 𝐺𝑔

( ∑
𝑖 𝜙𝑖𝜙

′
𝑖

)
𝐺′
𝑔 + 𝑜𝑝(𝑁−1). Set 𝑔̂ := 𝑔(𝜗) and

𝒲 := 𝑔̂′𝑉−1
𝑔 𝑔̂ , 𝒲 ∗(𝑏) := (𝑔̂∗(𝑏) − 𝑔̂)′𝑉−1

𝑔 (𝑔̂∗(𝑏) − 𝑔̂).

Theorem S2 (Interior validity). Under Proposition S2, the interior conditions, and Ω ≻ 0, as 𝑁, 𝐵𝑣 → ∞,

𝑁𝑉𝑔
𝑝
−→ Ω.

If, in addition, 𝐻0 : 𝑔(𝜗) = 0,
𝒲 𝑑−→ 𝜒2

2 ,

and, conditionally on the data, the multiplier law of 𝒲 ∗(𝑏) consistently estimates the null law. The finite-draw
value

𝑝̂𝐵 :=
1 +∑

𝑏∈ℬ𝑣
1{𝒲 ∗(𝑏) ≥ 𝒲}
𝐵𝑣 + 1

is asymptotically valid as 𝑁, 𝐵𝑣 → ∞. Scalar restriction tests use the analogous plus-one rule for the absolute
centered perturbation.

Proof. Proposition S2 and the delta method give
√
𝑁{𝑔̂ − 𝑔(𝜗)} 𝑑−→ 𝒩(0,Ω). For the conditional

part, the two inputs of the Gaussian multiplier central limit theorem are consequences of the
proposition rather than assumptions: covariance consistency is 𝑁

∑
𝑖 𝜙𝑖𝜙

′
𝑖
→𝑝 Σ𝜗, and maximal

negligibility follows from
√
𝑁 max𝑖 ∥𝜙𝑖∥ ≤

√
𝑁 max𝑖 ∥𝜙𝑖∥+

√
𝑁 max𝑖 ∥𝜙𝑖−𝜙𝑖∥ = 𝑁−1/2 𝑂𝑝(𝑁1/(4+𝜂))+

𝑜𝑝(𝑁−1/2) →𝑝 0. Hence, conditionally on the data,
√
𝑁

∑
𝑖 𝜉

(𝑏)
𝑖
𝜙𝑖

𝑑−→ 𝒩(0,Σ𝜗) in probability, the
smooth map 𝑔 and the interior conditions transfer the limit to 𝑔̂∗(𝑏)− 𝑔̂, and the continuous mapping
theorem gives the two quadratic-form limits. The plus-one correction delivers validity of the
finite-draw 𝑝-value as 𝐵𝑣 → ∞, with Monte Carlo error of order 𝐵−1/2

𝑣 if the number of draws is
held fixed. □

Numerical interior rule. Let 𝜖mach denote machine precision and set 𝑠𝑀 := |𝑎| + 2|𝑏| + |𝑐|, 𝑠Δ :=
|𝑑| + 2|𝑒 | + | 𝑓 |. The implementation requires

𝑎 >
√
𝜖mach 𝑠𝑀 , 𝑑 >

√
𝜖mach 𝑠Δ ,

and applies the analogous conditions to 𝑉𝑀 , 𝑉Δ for share ratios. Invalid bootstrap maps are left
missing rather than truncated; in particular, negative variance-share draws are not truncated before
taking a square root. Under the interior assumptions their share is 𝑜𝑝(1). The joint covariance is
accepted only when its diagonal is finite and positive and the smallest eigenvalue of its correlation
matrix exceeds 10−10; otherwise the joint statistic and its 𝑝-values are reported missing. No
generalized inverse is used for the joint test.

Remark S2 (Growing number of locations). Proposition S2 is a fixed-dimension result: with 𝐽 fixed,
every estimator is a smooth function of finitely many sample means and the second-order remainder
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is 𝑂𝑝(𝑁−1) by Taylor’s theorem. When 𝐽 grows with 𝑁 , that argument no longer applies. Each 𝜓 𝑗

then carries estimation noise of order one over the square root of its degree, and the six quadratic
forms accumulate 𝐽 such terms; the cross-split construction still removes the leading plug-in bias,
but controlling the variance of the second-order remainder at the

√
𝑁 scale requires conditions

on the mover network—uniformly vanishing effective resistance (leverage) of mover edges, an
expansion condition on the degree-normalized split Laplacians, and no dominant mover-incidence
weight—of the kind developed for variance components in sparse two-way models by Kline et al.
(2020); see also Andrews et al. (2008) and Bonhomme et al. (2023). We do not pursue primitive
conditions for that regime. The implementation reports 𝜆2(𝑁−1𝐿𝑠) for each split. Its magnitude is
a sample diagnostic for the operative fixed-𝐽 condition, which asymptotically requires the gap to
remain bounded away from zero along the sequence. In each sample, a positive reported gap also
bounds every edge’s effective resistance by 2/{𝑁𝜆2(𝑁−1𝐿𝑠)}. In dense designs, with location sizes
proportional to 𝑁 , the fixed-𝐽 conditions apply as stated.

Remark S3 (Affine boundary). The theorem does not cover exact affine composition, where the
first-order covariance of the residual restriction is singular. No boundary law or coverage result
is derived here; in the affine simulation designs reported in Table 1, the ordinary joint procedure
under-rejects.

For applied work, first distinguish the boundary from the interior. For any fixed 𝜆𝑀 > 0, residual
intensity is an interior parameter; provided the other interior conditions hold, a consistent interval
excludes zero with probability approaching one and the joint test applies. At exact affinity, if 𝛽𝑀 ≥ 0
and 𝑑 = Var𝑀(Δ𝜓𝑖) > 0, Corollary 2(ii) gives 𝜃∞ = 𝜃sd for every mobility pattern. Conditional on
exact affinity, no isotropy test is needed for that SD-share interpretation.

Near-affinity has deterministic content. Under Assumption 1, the symmetrized-flow repre-
sentation and (𝑞 𝑗 − 𝑞𝑘)2 ≤ 2𝑞2

𝑗
+ 2𝑞2

𝑘
give Var𝑀(Δ𝑞𝑖) ≤ 4𝑄𝑀 , hence, by projection optimality and

Cauchy–Schwarz,
𝑄Δ ≤ 4𝑄𝑀 , |𝛽Δ − 𝛽𝑀 | ≤ 2

√
𝑄𝑀/𝑑.

Let𝑈 ≥ 𝑄𝑀 , 𝑠 := 1 + 𝛽𝑀 , and 𝑟 := 2
√
𝑈/𝑑. Then 𝑄Δ/𝑑 ≤ 𝑟2 and |𝛽Δ − 𝛽𝑀 | ≤ 𝑟. If 𝛽𝑀 ≥ 0 and 𝑟 < 𝑠,

the denominators of 𝑓 are bounded away from zero and

|𝜃∞ − 𝜃sd| ≤
𝑟

𝑠(𝑠 − 𝑟) +
𝑟2

(𝑠 − 𝑟)3 + 𝑈

2𝑎𝑠3 , 𝑎 = Var𝑀(𝜓 𝑗).

The first two terms bound the transition projection relative to 1/𝑠; the last uses 𝜃sd = {𝑠2+𝑄𝑀/𝑎}−1/2.
This is a deterministic population sensitivity bound. We claim no boundary coverage theorem for a
multiplier endpoint used to choose𝑈 .

A practical diagnostic sequence—not a boundary-valid or formal two-step test—therefore has
three outcomes. If a reported 𝑈 satisfies 𝑟 < 𝑠 and the displayed bound is substantively small,
report the SD-share benchmark with that bound and do not interpret the joint 𝑝-value. If the lower
endpoint of an interval for 𝜆𝑀 is positive and the remaining interior and numerical covariance
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conditions hold, report the joint isotropy test. If neither condition holds, report the evidence as
inconclusive between the near-affine and interior regimes.

S4 A Representation Lemma: The Reduced Form Is Without Loss of Generality

The analysis conditions on three reduced-form objects: the cross-section (𝜓 𝑗 , 𝛼̄ 𝑗), location sizes
and mover shares (𝑛 𝑗 , 𝑤 𝑗), and the symmetrized mover flow 𝐹̄. The trivial direction is that any
assignment process in the AKM class induces such a tuple. This section proves the converse:
every admissible tuple is induced by some assignment process satisfying the paper’s maintained
assumptions, so conditioning on the reduced form entails no loss of generality.

Lemma S1 (Representation). Let 𝒥 be a finite set of locations with attributes (𝜓 𝑗 , 𝛼̄ 𝑗)𝑗∈𝒥 , sizes 𝑛 𝑗 > 0,
and mover shares 𝑤 𝑗 ∈ (0, 1), and let 𝐹̄ = (𝐹̄𝑗𝑘) be any nonnegative symmetric flow with 𝐹̄𝑗 𝑗 = 0 and∑
𝑘 𝐹̄𝑗𝑘 = 𝑤 𝑗𝑛 𝑗 for all 𝑗. Then there exists an assignment process in the AKM class—a period-1 assignment

rule, an origin-dependent destination rule, type distributions, and an error process—that satisfies exogenous
mobility and Assumption 1 and induces exactly the cross-section (𝜓 𝑗 , 𝛼̄ 𝑗), the sizes and shares (𝑛 𝑗 , 𝑤 𝑗), and
the symmetrized flow 𝐹̄.

Proof. The proof is constructive. (i) Population. At each location 𝑗, place (1 − 𝑤 𝑗)𝑛 𝑗 stayers and 𝑤 𝑗𝑛 𝑗

movers in period 1. (ii) Mover types. Every mover, at every location, draws 𝛼𝑖 i.i.d. from a fixed
distribution 𝐷 with mean 𝑚̄ (say 𝑚̄ = 0), independent of origin and destination. (iii) Destinations. A
mover at 𝑗 moves to 𝑘 with probability 𝐾2(𝑘 | 𝑗) = 𝐹̄𝑗𝑘/(𝑤 𝑗𝑛 𝑗). The mass arriving at 𝑗 is

∑
𝑘 𝐹̄𝑘 𝑗 = 𝑤 𝑗𝑛 𝑗

by symmetry, so sizes and mover shares are constant across periods; arriving movers also have
type distribution 𝐷 and hence the same mean as those departing, so the mean-composition balance
condition of Assumption 1 holds exactly. (iv) Stayer types. Stayers at 𝑗 draw 𝛼𝑖 from any distribution
with mean (𝛼̄ 𝑗 −𝑤 𝑗𝑚̄)/(1−𝑤 𝑗), so the location composition equals 𝛼̄ 𝑗 in both periods. (v) Outcomes.
Location effects are the given 𝜓 𝑗 , and 𝜀𝑖𝑡 is i.i.d. mean zero, independent of types and assignments,
so exogenous mobility holds. The induced directed flow is 𝐹𝑗𝑘 = 𝐹̄𝑗𝑘 , whose symmetrization is
𝐹̄. □

Three remarks. First, the construction loads all compositional heterogeneity on stayers and
makes movers homogeneous on average; this is enough because every estimand in the paper—the
transition moments, the cross-sectional moments, and hence 𝜃∞, the pairs (𝛽Δ ,𝜆Δ) and (𝛽𝑀 ,𝜆𝑀),
and the benchmark shares—depends on the assignment process only through (𝜓, 𝛼̄, 𝐹̄). Second,
richer constructions keep movers sorted rather than homogeneous, and dispense with stayers
entirely. Assigning a mover travelling between 𝑗 and 𝑘 a type centred on the symmetric edge
potential 𝜑 𝑗 + 𝜑𝑘 , with 𝜑 solving (𝐼 +𝑊)𝜑 = 𝛼̄ for𝑊 the row-normalised symmetrised flow, makes
every location’s movers—leavers and arrivers alike—average its composition 𝛼̄ 𝑗 in both periods,
with no stayers required; the solve is exact whenever the flow is non-bipartite—bipartiteness being
precisely the case in which −1 is an eigenvalue of 𝑊 and 𝐼 +𝑊 fails to invert. This restriction is
empirically vacuous: a symmetrized mover flow is bipartite only if the locations split into two classes
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with every move crossing between them and none within—equivalently, the mover network contains
no odd cycle—a configuration ruled out by any three locations exchanging workers in a triangle,
and thus absent from realized mover networks. A directional balancing,

∑
𝑘 Φ𝑗𝑘 =

∑
𝑘 Φ𝑘 𝑗 = deg𝑗 𝛼̄ 𝑗

(the divergence-free condition of Section S2), drops the non-bipartiteness requirement but is itself
feasible only on sufficiently connected supports, not on every flow with a cycle. The homogeneous
construction of the lemma remains the universal witness precisely because stayers can absorb any
composition; that is why the lemma itself needs no connectivity or parity condition at all. In each, a
mover matches every location’s mean composition in both periods but, carrying one type across
two firms, adds dispersion: movers share stayers’ location means, not their full distribution. The
simulations of Section VI use this edge-potential economy. Third, by Proposition 1 any directed flow
𝐹 with symmetrization 𝐹̄—including heavily history-dependent ones—induces the same estimand,
so the lemma’s symmetric choice of 𝐹 is itself without loss of generality.

S5 Descriptive Statistics for the Estimation Sample

Table 3 compares the estimation sample of Section VII—full-time male workers at firms above the
50th percentile of total worker-period observations—and the denser 75th-percentile universe of
Supplemental Appendix S7 with the broader population of all full-time male stayers and one-time
movers, over 2009–2016. The estimation samples are modestly older, somewhat higher-paid, and
sit at substantially larger firms, but are otherwise similar; cross-sector moves are a small share of
moves throughout.

Table 3: Descriptive Statistics: Estimation Sample versus Full Population

All stayers & movers Estimation sample Sensitivity
(full population) (above median) (above 75th pct.)

Worker–year observations 10,621,264 5,309,689 2,654,108

Age (years) 46.7 (9.6) 47.8 (9.4) 48.0 (9.4)
Annual gross earnings (euros) 52,491 (50,060) 55,310 (41,251) 57,838 (43,483)
Hourly wage (euros) 25.5 (24.5) 26.8 (20.0) 28.0 (21.0)
Firm size (employees) 780 (811) 1,416 (667) 1,895 (259)

Mover (share of worker-years) 0.30 0.26 0.25
Cross-sector mover (share) 0.06 0.05 0.05
Notes. CBS linked employer–employee data, 2009–2016. The full population is all full-time male stayers and one-time movers; the

estimation sample restricts to firms above the 50th percentile of total worker-period observations (Section VII), and the sensitivity
column to firms above the 75th percentile (Supplemental Appendix S7). All entries are worker-year means, with standard deviations
in parentheses for continuous variables. Hourly wage is gross annual earnings spread over a 52-week, 40-hour year, adjusted for
the contracted full-time factor. “Mover” is the worker-year share of one-time movers (the worker-level one-time-mover share in the
estimation sample is 13.9 percent), and “cross-sector mover” the share whose move changes 1-digit sector. Firm size is the employer’s
total headcount from register size-intervals.
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S6 Robustness: Unadjusted Log Hourly Wage

The paper’s outcome is the log gross hourly wage residualized on age and calendar-year indicators
in a preliminary step. This section repeats the full analysis on the unadjusted log hourly wage, on
the identical sample. Every conclusion is unchanged: the affine benchmark is rejected (𝜆̂𝑀 = 2.84,
CI [2.49, 3.27]), both isotropy restrictions reject, and the joint Wald is 99.1 (𝜒2

2 𝑝 = 3.0 × 10−22).
Magnitudes shift moderately relative to the adjusted outcome—the mover coefficient rises to 0.167
and the transition projection to 0.184—with no sign or significance changes. Figure 2 shows the
event study: pre-event coefficients from 𝑟 = −6 onward are at most 0.014 in absolute value, while
the post-event drift is more pronounced than in the adjusted specification, consistent with the age
and year indicators absorbing life-cycle and calendar wage growth; the adjusted outcome, on which
the paper’s objects are defined, remains the main specification.

Table 4: Mover-Design Diagnostics, Unadjusted Log Hourly Wage

Estimate SE 95% CI

Panel A. Mover-design coefficient and cross-sectional benchmarks
Mover regression 𝜃 0.167 0.005 [0.156, 0.177]
Transition projection 𝑓 (𝛽̂Δ , 𝜆̂Δ) 0.184 0.006 [0.173, 0.197]
𝜃iso (midpoint) 0.258 0.010 [0.239, 0.277]
𝜃var 0.263 0.020 [0.226, 0.304]
𝜃sd 0.513 0.019 [0.475, 0.551]
𝑆

eq
𝜓 0.253 0.017 [0.219, 0.287]

Panel B. Sorting geometry: cross-section versus transitions
Cross-sectional slope 𝛽̂𝑀 −0.018 0.060 [−0.123, 0.107]
Transition slope 𝛽̂Δ −0.160 0.051 [−0.248, −0.056]
Cross-sectional residual intensity 𝜆̂𝑀 2.840 0.194 [2.489, 3.271]
Transition residual intensity 𝜆̂Δ 3.849 0.247 [3.408, 4.391]
Panel C. Isotropy test
Slope restriction 𝑔̂𝛽 −0.143 0.038 [−0.221, −0.068]
Residual restriction 𝑔̂𝑄 (×104) 2.450 0.406 [1.647, 3.271]
Joint Wald 𝒲 (𝜒2

2 𝑝 = 3.0 × 10−22) 99.139 — —
Notes. Identical sample, implementation, and inference as Table 2 of the paper; the only change is that the

outcome is the raw log gross hourly wage. Both reported joint-test 𝑝-values are interior results; the bootstrap
value is below 0.001.

S7 Sensitivity: Firms above the 75th Percentile

This section repeats the main analysis—adjusted log hourly wage, identical implementation
and inference—on the denser universe of firms above the 75th percentile of total worker-period
observations: 2,654,108 worker-years, 416,343 workers, 43,728 one-time movers, and 220 firms with
a mean firm-year size of 1,604 workers. The diagnostic core retains 176 firms and 12,682 movers, or
29.0 percent of the 43,728 movers; both split connected components retain every mover, so attrition
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Figure 2: Event Study, Unadjusted Log Hourly Wage
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Notes. As in Figure 1 of the paper, with the unadjusted log hourly wage as the outcome.

again reflects the complete-window endpoint requirement rather than graph disconnection. This is
the regime in which the fixed-𝐽, large-location asymptotic frame is least contestable.

Table 5 reports the results. The sorting geometry differs from the median-cut sample: among the
largest firms the cross-sectional slope is positive and significant (𝛽̂𝑀 = 0.83, CI [0.44, 1.32])—higher-
premium firms employ higher-composition workers—and the transition slope is commensurate
(𝛽̂Δ = 0.63), so the slope restriction does not reject (𝑔̂𝛽 = −0.19, bootstrap 𝑝 = 0.36). The residual
coordinate is decisive instead: residual composition is large in the cross-section (𝜆̂𝑀 = 5.43) and
transition routes oversample it by roughly seventy percent (𝜆̂Δ = 9.24), so the residual restriction
rejects (𝑝 < 0.001) and the joint Wald is 15.3 (𝜒2

2 𝑝 = 4.7 × 10−4; bootstrap 𝑝 < 0.001). The two
coordinates of the diagnostic therefore separate exactly as intended: routes reproduce the cross-
sectional slope but not the residual geometry. With 𝛽̂𝑀 > 0 the benchmark ordering of Corollary 1
reverses relative to the median-cut sample (𝜃var ≤ 𝜃iso ≤ 𝑆eq

𝜓 ), and the mover coefficient (𝜃 = 0.135)
lies below 𝜃iso, 𝑆eq

𝜓 , and 𝜃sd, but above 𝜃var = 0.114.

S8 Recovery Without Stationarity

The paper’s recovery and inference results, and their empirical use, maintain Assumption 1. This
final section records a separate deviation. It uses one common full-window location attribute and
centered moments of the directed mover flow; the undirected-flow reduction is not carried over.

Fix a common calendar window 𝒯 , and assume every retained location-year cell in that window
has positive population mass. For each location define the equally year-weighted population
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Table 5: Mover-Design Diagnostics, Firms above the 75th Percentile

Estimate SE 95% CI

Panel A. Mover-design coefficient and cross-sectional benchmarks
Mover regression 𝜃 0.135 0.006 [0.123, 0.147]
Transition projection 𝑓 (𝛽̂Δ , 𝜆̂Δ) 0.137 0.007 [0.124, 0.150]
𝜃iso (midpoint) 0.208 0.024 [0.162, 0.257]
𝜃var 0.114 0.011 [0.094, 0.134]
𝜃sd 0.337 0.016 [0.306, 0.366]
𝑆

eq
𝜓 0.303 0.046 [0.217, 0.397]

Panel B. Sorting geometry: cross-section versus transitions
Cross-sectional slope 𝛽̂𝑀 0.829 0.222 [0.439, 1.318]
Transition slope 𝛽̂Δ 0.635 0.089 [0.472, 0.829]
Cross-sectional residual intensity 𝜆̂𝑀 5.434 0.907 [3.716, 7.232]
Transition residual intensity 𝜆̂Δ 9.242 0.630 [8.151, 10.510]
Panel C. Isotropy test
Slope restriction 𝑔̂𝛽 −0.194 0.214 [−0.653, 0.186]
Residual restriction 𝑔̂𝑄 (×104) 1.132 0.296 [0.603, 1.741]
Joint Wald 𝒲 (𝜒2

2 𝑝 = 4.7 × 10−4) 15.308 — —
Notes. As in Table 2 of the paper, restricting to firms above the 75th percentile of total worker-period

observations. 𝑁 = 2,654,108 worker-years, 416,343 workers, 372,615 stayers and 43,728 one-time movers,
220 firms; the diagnostic core retains 176 firms and 12,682 movers, all with complete canonical leave-one-out
gaps. SEs and percentile CIs from the worker-level multiplier bootstrap with 1,000 draws; the SE for 𝜃 is the
conventional regression SE, and its CI the corresponding analytic normal interval. The normalized split
spectral gaps 𝜆2(𝑁−1𝐿𝑠 ) are 5.9 × 10−7 and 2.3 × 10−6. The midpoint and projection identities hold in the
estimates as reported. The reported 𝜒2

2 and bootstrap joint-test 𝑝-values are interior results; the bootstrap
value is below 0.001.
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attribute
𝑌̄𝑗 := 1

|𝒯 |
∑
𝑡∈𝒯

E[𝑌𝑖𝑡 | 𝑗(𝑖 , 𝑡) = 𝑗 , 𝑖 eligible at 𝑡], 𝛼̄ 𝑗 := 𝑌̄𝑗 − 𝜓 𝑗 .

For the canonical mover regression, its full-sample leave-one-out counterpart first averages eligible
workers within location-year and then averages those location-year means equally over 𝑡 ∈ 𝒯 :

𝑌
(−𝑖)
𝑗 := 1

|𝒯 |
∑
𝑡∈𝒯

𝑌
(−𝑖)
𝑗 ,𝑡 , 𝛿(−𝑖)

𝑖
:= 𝑌

(−𝑖)
𝑑(𝑖) − 𝑌

(−𝑖)
𝑜(𝑖) .

The cross-split diagnostic estimates the same population attribute with the split-specific common
full-window means of Supplemental Appendix S3. The mover regression includes an intercept,
Δ𝑌𝑖 = 𝑐 + 𝜃 𝛿(−𝑖)

𝑖
+ 𝑢𝑖 , and all transition moments are centered over movers. In the large-cell limit its

slope is therefore

𝜃∞ =
Cov𝐹(Δ𝜓𝑖 ,Δ𝑌̄𝑖)

Var𝐹(Δ𝑌̄𝑖)
.

Let 𝐹𝑗𝑘 be the directed mover flow, normalized to sum to one, 𝐹̄𝑗𝑘 := (𝐹𝑗𝑘 + 𝐹𝑘 𝑗)/2, and

𝑚𝐹( 𝑓 ) :=
∑
𝑗 ,𝑘

𝐹𝑗𝑘( 𝑓𝑘 − 𝑓𝑗).

For any location-level 𝑓 , 𝑔, direct expansion gives

Cov𝐹(Δ 𝑓 ,Δ𝑔) =
∑
𝑗<𝑘

2𝐹̄𝑗𝑘( 𝑓𝑗 − 𝑓𝑘)(𝑔𝑗 − 𝑔𝑘) − 𝑚𝐹( 𝑓 )𝑚𝐹(𝑔). (S21)

Thus the raw second-moment term is determined by 𝐹̄, but the centered covariance generally retains
the direction of 𝐹 through the mean product. Under Assumption 1, 𝑚𝐹( 𝑓 ) = 0 for every 𝑓 , which is
exactly what restores Proposition 1.

Weight cross-sectional moments by mover incidence 𝜇𝑗 := {∑𝑘 𝐹𝑗𝑘 +
∑
𝑘 𝐹𝑘 𝑗}/2, and form

transition moments as centered moments under 𝐹. Define the cross-sectional and transition
projection pairs from those moments exactly as in the main text.

Theorem S3 (Recovery against a common full-window cross-section). Maintain the AKM model,
exogenous mobility, and the large-location limit, but not Assumption 1. Suppose

Var𝜇(𝜓 𝑗) > 0, Var𝐹(Δ𝜓𝑖) > 0, Var𝜇(𝑌̄𝑗) > 0, Var𝐹(Δ𝑌̄𝑖) > 0.

Then:

(i) 𝜃∞ = 𝑓 (𝛽Δ ,𝜆Δ), with 𝑓 (𝛽,𝜆) = (1 + 𝛽)/{(1 + 𝛽)2 + 𝜆}.

(ii) The transition and cross-sectional projection pairs coincide if and only if the centered directed-flow
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moments reproduce the full-window cross-sectional sorting projection. When they coincide,

𝜃∞ = 𝜃iso = 1
2
(
𝜃var + 𝑆eq

𝜓

)
,

with all cross-sectional objects evaluated on the 𝜇-weighted full-window cross-section.

(iii) Under the remaining fixed-𝐽, stable-core, moment, interior, and nonsingular-covariance conditions
of Proposition 2 and Supplemental Appendix S3, the same fixed-dimensional smooth-map argument
yields the worker multiplier inference for the centered restriction vector.

Proof. The common full-window regressor converges to Δ𝑌̄𝑖 = Δ𝜓𝑖 +Δ𝛼̄𝑖 , while residual exogeneity
gives Cov𝐹(Δ𝜀𝑖 ,Δ𝑌̄𝑖) = 0. Dividing the centered numerator and denominator by Var𝐹(Δ𝜓𝑖) gives (i).
Part (ii) is the same ratio algebra as Theorem 1 and Corollary 1, now using the centered directed-flow
moments in (S21). For (iii), the centered moments and the common full-window location means
remain smooth functions of finitely many worker averages, so the influence expansion and multiplier
argument apply under the stated conditions. □

Dropping stationarity removes balance restrictions and therefore weakly enlarges the admissible
set of directed configurations. It does not preserve the undirected-flow reduction: the mean
correction in (S21) is the precise additional object.
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